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J2``B}2H/ �M/ aBKKQMb b?Qr2/ i?2 +Q``2H�iBQM #2ir22M i?2 MmK#2` Q7 BM/2T2M/2Mi
b2ib �M/ i?2 #QBHBM; TQBMib QM TQHv;QM�H +?�BM ;`�T?b i?�i `2T`2b2Mi +?2KB+�H KQH2+mH2bX
Ai Bb r2HH FMQrM i?�i i?2 J2``B}2H/ĜaBKKQMb BM/2t Bb �M BKTQ`i�Mi BMp�`B�Mi Q7 i?2
bi`m+im`�H +?2KBbi`v (j- 8)X

:miK�M (3) �M�Hvx2/ 2ti`2K�H ?2t�;QM�H +?�BMb �++Q`/BM; iQ i?`22 iQTQHQ;B+�H BMp�`B@
�Mib, >QbQv� BM/2t- H�`;2bi 2B;2Mp�Hm2 �M/ J2``B}2/@aBKKQMb BM/2tX :miK�M b?Qr2/
i?�i i?2 2ti`2K�H iQTQHQ;v 7Q` i?2 K�tBKmK J2``B}2H/ĜaBKKQMb BM/2t- BM i?2 T�`iB+mH�`
+�b2 Q7 ?2t�;QM�H +?�BMb- Bb i?2 HBM2�` ?2t�;QM�H +?�BMX >2 +QMD2+im`2/ i?�i i?2 +?�BM
rBi? i?2 bK�HH2bi J2``B}2H/ĜaBKKQMb BM/2t Bb mMB[m2 �M/ Bi +Q``2bTQM/b iQ i?2 xB;@x�;
TQHvT?2M2;`�T?X h?2 `2b2�`+?2`b Q7 :miK�M (9- 3) ;`2�iHv BMbTB`2/ i?2 bim/v Q7 2ti`2K�H
TQHv;QM�H +?�BMbX

w?�M; 2i �HX (e-d) bQHp2/ :miK�MǶb +QMD2+im`2X h?2v b?Qr2/ i?�i i?2 KBMBKmK Q7 i?2
J2``B}2H/ĜaBKKQMb BM/2t QM ?2t�;QM�H +?�BMb Bb �+?B2p2/ #v i?2 xB;@x�; TQHvT?2M2;`�T?X
G�i2` QM- *�Q 2i �HX (k) b?Qr2/ 2ti`2K�H TQHv;QM�H +?�BMb 7Q` k@K�i+?BM;b U>QbQv� BM@
/2tV- +QMbB/2`BM; i?2 iQTQHQ;v Q7 TQHv;QM�H �``�vb i?�i T`QpB/2 K�tBKmK �b r2HH �b
KBMBKmK p�Hm2bX >Bb T`QQ7b �`2 #�b2/ QM i?2 mb2 Q7 i?2 Z@TQHvMQKB�H UZ@+QmMiBM; TQHv@
MQKB�HVX q?BH2 w?�M; 2i �HX (N) /2i2`KBM2/ 2ti`2K�H ?2t�;QM�H +?�BMb +QM+2`MBM; i?2
iQi�H �@2H2+i`QM 2M2`;v- r?B+? �`2 bBKBH�` iQ i?2 2ti`2K�H +?�BMb BM (d)X

a2p2`�H rQ`Fb /2�H rBi? i?2 +?�`�+i2`Bx�iBQM Q7 i?2 2ti`2K�H ;`�T?b rBi? `2bT2+i iQ
>QbQv� �M/ J2``B}2H/ĜaBKKQMb BM/B+2b BM b2p2`�H ;Bp2M ;`�T? +H�bb2b- HBF2, i`22b- mMB+v+HB+
;`�T?b- �M/ +2`i�BM bi`m+im`2b BMpQHpBM; T2Mi�;QM�H �M/ ?2t�;QM�H +v+H2b (RĜj- 8- RyĜRk)X
6Q` 2t�KTH2- _2M 2i �HX (Rj) /2i2`KBM2/ i?2 KBMBK�H J2``B}2H/ĜaBKKQMb BM/2t Q7 /Qm#H2
?2t�;QM�H +?�BMbX AM (R9)- GB 2i �HX +?�`�+i2`Bx2/ i?2 i`22 rBi? i?2 K�tBK�H J2``B}2H/Ĝ
aBKKQMb BM/2t �KQM; i?2 i`22b rBi? � ;Bp2M /B�K2i2`X AM (Rk)- � bm`p2v �#Qmi 2ti`2K�H
;`�T?b 7Q` >QbQv� �M/ J2``B}2H/ĜaBKKQMb BM/B+2b BMpQHpBM; /Bz2`2Mi ;`�T? iQTQHQ;B2b Bb
+QMbB/2`2/X

AM i?Bb T�T2`- r2 /2i2`KBM2 i?2 2ti`2K�H ;`�T? 7Q` i?2 KBMBKmK J2``B}2H/ĜaBKKQMb
BM/2t `2;�`/BM; �Mv FBM/ Q7 TQHv;QM�H �``�vb- ;2M2`�HBxBM; � `2bmHi T`2pBQmbHv Q#i�BM2/
7Q` ?2t�;QM�H �M/ T2Mi�;QM�H +?�BMbX Pm` T`QQ7b �`2 #�b2/ QM T`QT2`iB2b i?�i �`2 /2`Bp2/
7`QK i?2 T`Q/m+i #2ir22M irQ 6B#QM�++B MmK#2`b i?�i ?�p2 +QKTH2K2Mi�`v BM/B+2bX 6m`@
i?2`KQ`2- Qm` T`QQ7b /Q MQi `2[mB`2 i?2 2tTHB+Bi +QKTmi�iBQM Q7 i?2 J2``B}2H/ĜaBKKQMb
BM/2t QM i?Qb2 TQHv;QM�H �``�vb- BMbi2�/ i?2 2/;2 /BpBbBQM `mH2 Bb �TTHB2/ �b � r�v iQ
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/2+QKTQb2 TQHv;QM�H �``�vbX q2 #2HB2p2 i?�i Qm` K2i?Q/ +�M #2 �/�Ti2/ iQ +QKTmi2
Qi?2` BMi`BMbB+ T`QT2`iB2b QM KQH2+mH�` ;`�T?bX

k �``�v Q7 TQHv;QMb
G2i G = (V,E) #2 �M mM/B`2+i2/ ;`�T? rBi? p2`iB+2b b2i V �M/ b2i Q7 2/;2b EX Ai Bb
�bbmK2/ i?�i G Bb � bBKTH2 ;`�T?- Bi ?�b MQi HQQTb MQ` T�`�HH2H 2/;2bX h?2 M2B;?#Q`?QQ/
Q7 x 2 V Bb i?2 b2i N(x) = {y 2 V : xy 2 E}- �M/ Bib +HQb2/ M2B;?#Q`?QQ/ Bb N(x) [ {x}

r?B+? Bb /2MQi2/ #v N [x]X h?2 /2;`22 Q7 � p2`i2t x BM i?2 ;`�T? G- /2MQi2/ #v �G(x)- Bb
|N(x)|X h?2 /2;`22 Q7 i?2 ;`�T? G Bb �(G) = max{�G(x) : x 2 V }X

� T�i? #2ir22M irQ p2`iB+2b v �M/ w- /2MQi2/ �b Pvw- Q` bBKTHv �b Pn- Bb � b2[m2M+2
Q7 2/;2b, v0v1, v1v2, . . . , vn�1vn bm+? i?�i v = v0- vn = w- �M/ vkvk+1 2 E- 7Q` 0  k < nc
i?2 H2M;i? Q7 i?2 T�i? Bb nX � bBKTH2 T�i? Bb � T�i? r?2`2 v0, v1, . . . , vn�1, vn �`2 �HH
/BbiBM+iX � +v+H2 Bb � MQM@2KTiv T�i? bm+? i?�i i?2 }`bi �M/ H�bi p2`iB+2b �`2 B/2MiB+�H-
�M/ � bBKTH2 +v+H2 Bb � +v+H2 BM r?B+? MQ p2`i2t Bb `2T2�i2/- rBi? i?2 2t+2TiBQM i?�i i?2
}`bi �M/ H�bi p2`iB+2b �`2 B/2MiB+�HX

� bm#b2i S ✓ V Bb +�HH2/ BM/2T2M/2Mi B7 7Q` 2p2`v u, v 2 S BKTHB2b i?�i uv /2 EX
h?2 +Q``2bTQM/BM; +QmMiBM; T`Q#H2K QM BM/2T2M/2Mi b2ib- /2MQi2/ #v i(G)- +QMbBbib Q7
+QmMiBM; i?2 MmK#2` Q7 BM/2T2M/2Mi b2ib Q7 � ;`�T? GX *QKTmiBM; i(G) Bb � ]S@+QKTH2i2
T`Q#H2K 7Q` ;`�T?b G r?2`2 �(G) � 3X h?2 +QKTmi�iBQM Q7 i(G) `2K�BMb ]S@+QKTH2i2
2p2M B7 Bi Bb `2bi`B+i2/ iQ j@`2;mH�` ;`�T?bX

G2i G = (V,E) #2 � KQH2+mH�` ;`�T?X .2MQi2 #v n(G, k) i?2 MmK#2` Q7 r�vb BM r?B+?
k Kmim�HHv BM/2T2M/2Mi p2`iB+2b +�M #2 b2H2+i2/ BM GX "v /2}MBiBQM- n(G, 0) = 1 7Q`
�HH ;`�T?b- �M/ n(G, 1) = |V (G)|X 6m`i?2`KQ`2- i(G) =

P
k�0 n(G, k) Bb i?2 J2``B}2H/Ĝ

aBKKQMb BM/2t Q7 G- i?�i Bb- 2t�+iHv i?2 MmK#2` Q7 BM/2T2M/2Mi b2ib Q7 GX
� TQHv;QM U�HbQ +�HH2/ � TQHv;QM�H ;`�T?V Bb � bBKTH2 +v+H2 ;`�T?X h?2`27Q`2- � +v+H2

;`�T? Cn Q7 H2M;i? n `2T`2b2Mib � TQHv;QM Q7 n bB/2b- �M/ Bi 7Q`Kb � n@;QMX h?2 r�v
i?�i irQ k@;QMb �`2 DQBM2/- pB� � +QKKQM p2`i2t Q` pB� � +QKKQM 2/;2- /2}M2b /Bz2`2Mi
+H�bb2b Q7 TQHv;QM�H +?2KB+�H +QKTQmM/bX hrQ TQHv;QMb i?�i ?�p2 �M 2/;2 BM +QKKQM
�`2 +�HH2/ �/D�+2MiX

� TQHv;QM�H +?�BM Bb � k@+QMM2+i2/ bBKTH2 ;`�T? G Q#i�BM2/ #v B/2MiB7vBM; � }MBi2
MmK#2` Q7 +QM;`m2Mi `2;mH�` TQHv;QMb U+�HH2/ #�bB+ TQHv;QMbV QM2 #v QM2 bm+? i?�i 2�+?
p2`i2t Q7 G ?�b /2;`22 k Q` j �M/ 2�+? #�bB+ TQHv;QM- 2t+2Ti i?2 }`bi QM2 �M/ i?2 H�bi
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QM2- Bb �/D�+2Mi iQ 2t�+iHv irQ #�bB+ TQHv;QMbX � TQHv;QM�H �``�v Bb � ;`�T? Pk,t Q#i�BM2/
#v B/2MiB7vBM; � }MBi2 MmK#2` Q7 t +QM;`m2Mi TQHv;QMb 2�+? Q7 bBx2 k- �HbQ FMQrM �b �
+?�BM Q7 t k@;QMbX

� bT2+B�H +H�bb Q7 TQHv;QM�H �``�vb Bb i?2 +H�bb Q7 ?2t�;QM�H +?�BMb- r?B+? �`2 +?�BMb
7Q`K2/ #v n e@;QMbX >2t�;QM�H +?�BMb �`2 i?2 ;`�T? `2T`2b2Mi�iBQMb Q7 �M BKTQ`i�Mi
bm#+H�bb Q7 #2Mx2MQB/ KQH2+mH2b- M�K2Hv Q7 i?2 bQ +�HH2/ mM#`�M+?2/ +�i�+QM/2Mb2/ #2M@
x2MQB/bX h?2 bi`m+im`2 Q7 i?2b2 ;`�T?b Bb �TT�`2MiHv i?2 bBKTH2bi �KQM; �HH ?2t�;QM�H bvb@
i2KbX h?2`27Q`2- Bi Bb MQi bm`T`BbBM; i?�i � ;`2�i /2�H Q7 K�i?2K�iB+�H �M/ K�i?2K�iB+QĜ
+?2KB+�H `2bmHib FMQrM BM i?2 i?2Q`v Q7 ?2t�;QM�H bvbi2Kb �TTHv- BM 7�+i- QMHv iQ ?2t�;QM�H
+?�BMb (3)X

G2i Hn = h1h2 · · ·hn #2 � TQHv;QM�H �``�v rBi? n #�bB+ TQHv;QMb- i?2 TQHv;QMb /Q MQi
?�p2 i?2 b�K2 MmK#2` Q7 bB/2b M2+2bb�`BHv- �M/ r?2`2 2�+? hi �M/ hi+1 ?�p2 2t�+iHv QM2
+QKKQM 2/;2 ei, i = 1, 2, . . . , n�1X � TQHv;QM�H �``�v rBi? �i H2�bi irQ TQHv;QMb ?�b irQ
2M/@TQHv;QMb- h1 �M/ hn- r?BH2 h2, . . . , hn�1 �`2 i?2 BMi2`M�H TQHv;QMb Q7 i?2 �``�vX AM �
TQHv;QM�H �``�v- 2�+? p2`i2t ?�b /2;`22 2Bi?2` k Q` jX h?2 p2`iB+2b Q7 /2;`22 j �`2 2t�+iHv
i?2 2M/ TQBMib Q7 i?2 +QKKQM 2/;2b #2ir22M �/D�+2Mi TQHv;QMbX G2i H #2 i?2 bm#;`�T?
7`QK Hn BM/m+2/ #v i?2 p2`iB+2b Q7 /2;`22 jX � TQHv;QM�H �``�v Hn Bb +�HH2/ � +?�BM Q7
ivT2 QM2 B7 H Bb � T�i? (k)X

h?2 /Bbi�M+2 dG(x, y) 7`QK � p2`i2t x iQ �MQi?2` p2`i2t y Bb i?2 KBMBKmK MmK#2`
Q7 2/;2b BM �M x � y T�i? Q7 GX h?2 /Bbi�M+2 dG(x, S) 7`QK � p2`i2t x iQ � b2i S Bb i?2
miny2S dG(x; y)X aBKBH�`Hv- r2 /2}M2 i?2 /Bbi�M+2 #2ir22M irQ 2/;2b e1, e2 QM i?2 ;`�T?
G, dG(e1, e2)- �b i?2 KBMBKmK MmK#2` Q7 2/;2b BM �M e1 � e2 T�i? Q7 G- rBi?Qmi +QMbB/2`
i?2 b�K2 2/;2b e1 �M/ e2X

G2i Hn #2 � ?2t�;QM�H +?�BM rBi? n #�bB+ e@;QMb DQBM2/ #v QM2 +QKKQM 2/;2 #2ir22M
irQ �/D�+2Mi ?2t�;QMbX A7 7Q` 2�+? T�B` Q7 +QMb2+miBp2 b?�`BM; 2/;2b ei �M/ ei+1 Q7 Hn- Bi
?QH/b i?�i dHn

(ei, ei+1) = 2 �++Q`/BM; iQ i?2 +HQ+FrBb2 /B`2+iBQM- i?2M Hn Bb FMQrM �b i?2
HBM2�` ?2t�;QM�H +?�BM ULnV- �M/ B7 dHn

(ei, ei+1) = 1 �++Q`/BM; iQ i?2 +HQ+FrBb2 /B`2+iBQM
QM 2�+? T�B` Q7 +QMb2+miBp2 +QKKQM 2/;2b- i?2M Hn Bb FMQrM �b i?2 xB;@x�; ?2t�;QM�H
+?�BM UZnVX LQiB+2 i?�i BM � xB;@x�; TQHv;QM�H �``�v i?2 BM/m+2/ bm#;`�T? H U7Q`K2/ #v
i?2 p2`iB+2b Q7 /2;`22 jV Bb � T�i?X

AM bQK2 �`iB+H2b- i?2 MmK#2` Q7 BM/2T2M/2Mi b2ib Ui(G)V Bb �HbQ +�HH2/ i?2 6B#QM�++B
MmK#2` Q7 i?2 ;`�T? GX 6Q` 2t�KTH2- BM (R9)- GB 2i �HX- +?�`�+i2`Bx2/ i?2 i`22 rBi? i?2
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K�tBKmK 6B#QM�++B MmK#2` �KQM; i?2 i`22b rBi? � ;Bp2M /B�K2i2`X AM (Re)- w?�Q �M/
GB BMp2biB;�i2/ i?2 Q`/2`BM;b Q7 irQ +H�bb2b Q7 i`22b #v i?2B` 6B#QM�++B MmK#2`bX AM (R)-
S2/2`b2M �M/ o2bi2`;��`/ bim/B2/ i?2 6B#QM�++B MmK#2` 7Q` i?2 mMB+v+HB+ ;`�T?bX AM (RN)-
um �M/ hB�M bim/B2/ i?2 6B#QM�++B MmK#2`b Q7 i?2 ;`�T?b rBi? ;Bp2M 2/;2@BM/2T2M/2M+2
MmK#2` �M/ +v+HQK�iB+ MmK#2`X um �M/ Gp (Rd- ky) bim/B2/ i?2 6B#QM�++B MmK#2`b Q7
i`22b rBi? K�tBKmK /2;`22 �M/ ;Bp2M T2M/2Mi p2`iB+2b- `2bT2+iBp2HvX u2 2i �HX- Q`/2`2/
i?2 mMB+v+HB+ ;`�T?b rBi? ;Bp2M ;B`i? �++Q`/BM; iQ i?2 6B#QM�++B MmK#2`b BM (R3)X JQ`2
`2H�i2/ iQ Qm` rQ`F- BM (R8) Bb �M�Hvx2/ i?2 �``�v Q7 TQHvT?2MvH2M2 +QKTQmM/b `2T`2b2Mi2/
#v ;`�T?b Q#i�BM2/ 7`QK � ?2t�;QM�H +�+imb #v 2tT�M/BM; 2�+? Q7 Bib +mi@p2`iB+2b iQ �M
2/;2X

AM `2+2Mi v2�`b- b2p2`�H rQ`Fb ?�p2 #22M /QM2 7Q` /2i2`KBMBM; iQTQHQ;v ;`�T?b +Q`@
`2bTQM/BM; iQ 2ti`2K�H >QbQv� �M/ i?2 J2``B}2H/ĜaBKKQMb BM/B+2b (k- 8- Ry)X 6Q` K�Mv
;`�T? +H�bb2b i?�i ?�p2 #22M bim/B2/ bQ 7�`- ;`�T?b i?�i KBMBKBx2b i?2 >QbQv� BM/2t +Q@
BM+B/2 rBi? i?Qb2 i?�i K�tBKBx2b i?2 J2``B}2H/ĜaBKKQMb BM/2t- �M/ pB+2 p2`b�- �Hi?Qm;?
Bib `2H�iBQM Bb biBHH MQi iQi�HHv mM/2`biQQ/X 6Q` 2t�KTH2- .2M; (j) b?Qr2/ i?�i ;`�T?b rBi?
n p2`iB+2b �M/ n+ 1 2/;2b- /2MQi2/ �b (n, n+ 1)@;`�T?b- Bib bK�HH2bi J2``B}2H/ĜaBKKQMb
BM/2t /Q2b MQi +QBM+B/2 rBi? i?2 K�tBKmK 7Q` i?2 >QbQv� BM/2tX

>2`2- r2 /2i2`KBM2 i?2 2ti`2K�H iQTQHQ;v 7Q` i?2 KBMBKmK J2``B}2H/ĜaBKKQMb BM/2t
7Q` �Mv TQHv;QM�H �``�v- MQi QMHv 7Q` ?2t�;QM�H +?�BMbX AM 7�+i- Bi /Q2b MQi K�ii2` i?2
MmK#2` Q7 bB/2b Q7 2�+? TQHv;QM BM i?2 �``�vX 6Q` i?Bb- r2 /2p2HQT BM i?2 7QHHQrBM; +?�Ti2`
`2bmHib �#Qmi i?2 T`Q/m+i #2ir22M 6B#QM�++B MmK#2`bX

j S`Q/m+i #2ir22M irQ 6B#QM�++B MmK#2`b
Ai Bb r2HH FMQrM i?�i 7Q` �Mv bBKTH2 T�i? Pn Q7 H2M;i? n� 1- i?�i Bb Pn ?�b n p2`iB+2b �M/
n � 1 2/;2b- Pn 7mH}HHb i(Pn) = Fn+2- r?2`2 Fn Bb i?2 ni?@6B#QM�++B MmK#2` rBi? BMBiB�H
p�Hm2b F0 = 0, F1 = 1 �M/ Fn = Fn�1 + Fn�2X G2i mb +QMbB/2` �M BbQH�i2/ p2`i2t �b �
HBM2�` T�i? Q7 H2M;i? x2`Q- i?2`27Q`2- i(P1) = F3 = 2X

G2i k > 0 #2 � +QMbi�Mi BMi2;2` �M/ H2i Pi �M/ Pj #2 irQ /BbDQBMi2/ bBKTH2 T�i?b- bm+?
i?�i i+ j = kX Ai Bb FMQrM i?�i i(Pi � Pj) = i(Pi) · i(Pj) = Fi+2 · Fj+2X G2i i?2 b2[m2M+2
�k,s = Fs · Fk�s- /2}M2/ 7Q` �HH k = 2, 3, ... �M/ 1  s < kX :Bp2M � +QMbi�Mi k > 0- r2
r�Mi iQ /2i2`KBM2 7Q` r?B+? T�B`, (i, j)- i, j � 1- �M/ j + i = k- i?2 T`Q/m+i i(Pi)i(Pj)

?�b 2ti`2K�H p�Hm2b- i?�i Bb- r?2M Bi �+?B2p2b i?2 K�tBKmK �M/ i?2 KBMBKmK p�Hm2bX q2
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2bi�#HBb? r?B+? �`2 i?2 2ti`2K�H p�Hm2b 7Q` i?2 b2[m2M+2 �k,s = Fs · Fk�s BM i?2 7QHHQrBM;
T`QTQbBiBQMX

S`QTQbBiBQM R 6Q` �Mv BMi2;2`b s rBi? 1  s < k-

RX B7 k � 3 i?2M mins {FsFk�s} = F2Fk�2 = Fk�2-

kX �M/ B7 k � 2 i?2M maxs {FsFk�s} = F1Fk�1 = Fk�1

S`QQ7 R G2i �k,s = FsFk�s #2 i?2 b2[m2M+2 Q7 i?2 6B#QM�++B T`Q/m+i rBi? 2  k �M/
1  s < kX h?2 MmK#2` Q7 i2`Kb BM i?2 b2[m2M+2 {�k,s}s Bb k � 1X h?2 T`QQ7 Bb /QM2-
}`bi- #v �bbmKBM; i?�i k Bb �M 2p2M MmK#2` �M/ i?2M- �bbmKBM; i?�i k Bb Q//X G2i
mb `2+�HH i?�i 6B#QM�++B MmK#2`b +�M #2 ;Bp2M mbBM; "BM2iǶb 7Q`KmH�- i?�i Bb 7Q` �Mv k-
Fk = (ak � b

k)/(a � b) r?2`2 a = (1 +
p
5)/2 �M/ b = (1 �

p
5)/2 �`2 i?2 `QQib Q7 i?2

TQHvMQKB�H P (r) = r
2 � r � 1X h?Bb �HbQ K2�Mb i?�i a- b b�iBb}2b i?2 irQ 2[m�iBQMb,

a+ b = 1 �M/ ab = �1X
G2i mb �bbmK2 i?�i k Bb 2p2M- BM Qi?2` rQ`/b k = 2r 7Q` bQK2 r � 1X h?mb- �

k,b k

2 c�s
=

Fr�sFr+sX >Qr2p2`- �
k,b k

2 c+s
= �2r,r+s = Fr+sFr�s- i?2`27Q`2- �

k,b k

2 c�s
= �

k,b k

2 c+s
X PM i?2

Qi?2` ?�M/- B7 k = 2r + 1 7Q` bQK2 r- Bi Bb Q#pBQmb i?�i b2r+1
2 c = r- i?2M �2r+1,r+1+j =

Fr+1+jFr�j = �2r+1,r�jX h?Bb K2�Mb i?�i i?2 b2[m2M+2 Bb bvKK2i`B+- i?mb- Bi +�M #2
�bbmK2/ rBi?Qmi HQbBM; ;2M2`�HBiv i?�i 1  s  bk

2cX A7 r2 MQr +?QQb2 i?2 bm#b2[m2M+2
�k,2- �k,4-XXX- i?�i Bb i?2 b2[m2M+2 r?2`2 s i�F2b QMHv 2p2M p�Hm2b- i?2M #v mbBM; "BM2iǶb
7Q`KmH� �M/ bQK2 �H;2#`�B+ K�MBTmH�iBQMb- Bi +QmH/ #2 +?2+F2/ i?�i

�k,2(p+1) = �k,2p + Fk�2(2p+1) URV

r?2`2 i?2 7�+ib ab = �1 �M/ a + b = 1 �`2 mb2/ BM i?2 +�H+mH�iBQMbX 1[m�iBQM R QMHv
K�F2b b2Mb2 7Q` k � 6 Q` r � 3- bBM+2 p `mMb 7`QK QM2 QMr�`/bX 6m`i?2`KQ`2- BM i?2
+�b2 r?2`2 p = 1- r2 ?�p2 i?�i �6,4 = F4F2 = F2F4 = �6,2- bBM+2 F0 = 0 �b 2tT2+i2/ Q7 i?2
bvKK2i`v Q7 i?2 b2[m2M+2X h?2 Qi?2` +�b2b- r?2M k  5- �`2 2�bBHv ?�M/H2/ bBM+2 r?2M
k = 2 i?2 b2[m2M+2 �2,s ?�b QMHv QM2 i2`K �M/- i?2`27Q`2- i?2`2 Bb MQ KBMBKmK p�Hm2X
�b 7Q` k = 4- i?2`2 �`2 QMHv i?`22 i2`Kb BM i?2 b2[m2M+2 �k,s- i?�i Bb {�k,s}s = {2, 1, 2}

i?mb mins{�k,s} = 1 = Fk�2 �M/ maxs{�k,s} = 2X h?2`27Q`2- 7Q` k � 2 i?2 b2[m2M+2
b�iBb}2b �k,2  �k,3  · · ·  �

k,b k

2 c
X 6`QK i?2 �#Qp2 /Bb+mbbBQM- �M/ 7`QK i?2 7�+i i?�i

Fk�2(2p+1) > 0 BM 1[m�iBQM R 7Q` k > 6- Bi K�F2b i?2 BM2[m�HBiB2b bi`B+iX
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n Fn �1,k �2,k �3,k �4,k �5,k �6,k �7,k �8,k �9,k �10,k �11,k �12,k �13,k

J�t JBM
R R y
k R R y
j k R R y
9 j k R k y
8 8 j k k j y
e 3 8 j 9 j 8 y
d Rj 3 8 e e 8 3 y
3 kR Rj 3 Ry N Ry 3 Rj y
N j9 kR Rj Re R8 R8 Re Rj kR y
Ry 88 j9 kR ke k9 k8 k9 ke kR j9 y
RR 3N 88 j9 9k jN 9y 9y jN 9k j9 88 y
Rk R99 3N 88 e3 ej e8 e9 e8 ej e3 88 3N y
Rj kjj R99 3N RRy Ryk Ry8 Ry9 Ry9 Ry8 Ryk RRy 3N R99 y
R9 jdd kjj R99 Rd3 Re8 Rdy Re3 ReN Re3 Rdy Re8 Rd3 R99 kjj

h�#H2 RX h?2 T`Q/m+i Q7 irQ 6B#QM�++B MmK#2`b rBi? +QKTH2K2Mi�`v BM/B+2bX

�M�HQ;QmbHv- i�F2M i?2 bm#b2[m2M+2 �k,2p+1- i?�i Bb r?2M s i�F2b Q// p�Hm2b- i?2M

(a� b)2�k,2p+3 = (a2p+3 � b
2p+3)(ak�2p�3 � b

k�2p�3)

= a
k � a

2p+3
b
k�2p�3 � a

k�2p�3
b
2p+3 + b

k

= (a� b)2�k,2p+1 + a
2p+3

b
2p+3a

2 � b
2

a2b2
(ak�4(p+1) � b

k�4(p+1)). UkV

"v mbBM; ab = �1- a + b = 1 �M/ "BM2iǶb 7Q`KmH� �;�BM- 1[m�iBQM k Bb 2[mBp�H2Mi iQ
�k,2p+3 = �k,2p+1 � Fk�4(p+1)X PM+2 �;�BM- Fk�4(p+1) ?�b QMHv K2�MBM; 7Q` k � 8- #mi i?2
Qi?2` +�b2b r2`2 /Bb+mbb2/ �#Qp2X h?mb- i?2 b2[m2M+2 b�iBb}2b �k,1 � �k,3 � · · · � �

k,b k

2 c
X

h?2`27Q`2- mins{FsFk�s} = �k,2 = Fk�2 �M/ maxs{FsFk�s} = �k,1 = Fk�1 �M/ i?2
T`QTQbBiBQM 7QHHQrbX ⌅

AM h�#H2 R- r2 T`2b2Mi bQK2 Q7 i?2 p�Hm2b Q7 i?2 b2[m2M+2 �k,s = Fs ·Fk�sX LQiB+2 i?�i
/Bz2`2Mi `2H�iBQMb +�M #2 BM72``2/ r?2M r2 +QMbB/2` i?2 p�Hm2b Q7 i?2 i�#H2 �``�M;2/ HBF2
i?2 S�b+�HǶb i`B�M;H2X

LQiB+2 i?�i i?2 K�tBKmK F1 ·Fk�1 = Fk�1 7Q` i?2 `Qr (k) Q7 i?2 i�#H2 `2bmHib iQ #2 i?2
KBMBKmK F2 ·Fk�1 = Fk�1 7Q` i?2 `Qr (k+1)X �HbQ- i?2 /Bz2`2M+2 #2ir22M i?2 K�tBKmK
�M/ KBMBKmK BM i?2 `Qr k Bb Fk�1 � Fk�2 = Fk�3X h?2 7�+i i?�i i?2 2ti`2K�H p�Hm2b Q7
�k,s �`2 BM i?2 }`bi irQ +QMb2+miBp2 +QHmKMb Q7 i?2 h�#H2 R rBHH ?�p2 HQ;B+�H +QMb2[m2M+2b
QM i?2 iQTQHQ;B2b i?�i `2T`2b2Mi i?2 2ti`2K�H p�Hm2b 7Q` i?2 J2``B}2H/ĜaBKKQMb BM/2t QM
TQHv;QM�H �``�vbX

P#b2`p2 i?2 bvKK2i`B+�H #2?�pBQ` Q7 i?2 b2[m2M+2 �k,s �i i?2 TQbBiBQM s > bk

2cX AM
7�+i- �

k,

j
k

2

k
�j

= �
k,

j
k

2

k
+j

B7 k Bb 2p2M- �M/ �
k,

j
k

2

k
�j

= �
k,

j
k

2

k
+j+1

B7 k Bb Q//- �M/ 7Q` �HH j
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bm+? i?�i 1  j 
⌅
k

2

⇧
� 2X

�HbQ- i?2 b2[m2M+2 �k,s Bb BM+`2�bBM; QM i?2 2p2M BM/B+2b Q7 s- �M/ Bi ?�b � /2+`2�bBM;
#2?�pBQ` QM i?2 Q// BM/B+2b Q7 sX 6Q` 2t�KTH2- �k,2p < �k,2(p+1) 7Q` 2p2`v p 2

�
1, 2, ...,

⌅
k

4

⇧ 
-

�M/ �HH kX q?BH2- �k,2p+1 > �t,2p+3 7Q` 2p2`v p 2
�
0, 1, ...,

⌅
k

4

⇧
� 1
 

�M/ �HH kX
q2 b?Qr BM i?2 7QHHQrBM; +?�Ti2`b- ?Qr i?2 T`QT2`iB2b �#Qmi i?2 b2[m2M+2 �k,s- �M/ ?Qr

i?2 �TTHB+�iBQM Q7 i?2 2/;2 /BpBbBQM `mH2- �`2 mb27mH 7Q` i?2 +QKTmi�iBQM Q7 i?2 2ti`2K�H
p�Hm2b Q7 i?2 J2``B}2H/ĜaBKKQMb BM/2t QM TQHv;QM�H �``�vbX

9 1ti`2K�H iQTQHQ;B2b 7Q` � TQHv;QM DQBM2/ iQ irQ
T�i?b

aQK2 `2/m+iBQMb `mH2b ?�p2 #22M mb27mH iQ +QmMi +QK#BM�iQ`B�H Q#D2+ib QM ;`�T?b- T�`@
iB+mH�`Hv- i?2 7QHHQrBM; `mH2b �`2 +QKKQMHv mb2/ iQ +QmMi BM/2T2M/2Mi b2ib QM � ;`�T?
G,

RX o2`i2t `2/m+iBQM `mH2, G2i v 2 V (G)-

i(G) = i(G� v) + i(G� (N [v]))

kX 1/;2 /BpBbBQM `mH2 , H2i e = {x, y} 2 E(G)-

i(G) = i(G� e)� i(G� (N [x] [N [y]))

G2i hr #2 � TQHv;QM Q7 r bB/2bX G2i Pi �M/ Pj #2 irQ /Bz2`2Mi bBKTH2 T�i?b Q7 H2M;i?b
(i�1) �M/ (j�1)- `2bT2+iBp2Hv- �M/ bm+? i?�i i+ j = k #2+QK2b � +QMbi�MiX Pi[ehr[ePj

/2MQi2b i?2 ;`�T? 7Q`K2/ #v DQBMBM; Pi �M/ Pj iQ i?2 2M/@p2`iB+2b Q7 �M 2/;2 e 2 E(hr)-
�b Bi Bb BHHmbi`�i2/ BM 6B;m`2 R�X LQiB+2 i?�i e +�M #2 �Mv 2/;2 Q7 i?2 TQHv;QM bBM+2 BM
7�+i- i?2 BMBiB�H TQHv;QM Bb � +v+H2 �M/ �HH Q7 Bib 2/;2b �`2 BM/BbiBM;mBb?�#H2X

q2 b?Qr i?�i i(G) Bb K�tBKmK mM/2` i?2 `2bi`B+iBQM |Pi| + |Pj| = k r?2M i = 2 UPi

?�b 2t�+iHv irQ p2`iB+2b �M/ QMHv QM2 2/;2V �M/ j = k � 2 U� T�i? Q7 k � 2 p2`iB+2b �M/
k � 3 2/;2bVX

G2i e = {x, y} 2 E(hr)X G2i Pi = {x, x1, . . . , xi�1} �M/ Pj = {y, y1, . . . , yj�1} #2
irQ /BbDQBMi2/ T�i?b- r?2`2 i + j = kX Pi [x hr [y Pj /2MQi2b i?2 `2bmHiBM; ;`�T? Q7
DQBMBM; Pi rBi? hr BM i?2 p2`i2t x- �M/ Pj rBi? hr BM i?2 p2`i2t y- i?Bb K2�Mb i?�i
V (Pi) \ V (hr) = {x}- V (Pj) \ V (hr) = {y}- �M/ V (Pj) \ V (Pi) = ;X
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x x1 xi�1

y y1 yj�1

e

U�V h?2 ;`�T? G rBi? i?2 2/;2 e = xy
iQ #2 `2KQp2/

x x1 xi�1

y y1 yj�1

U#V h?2 ;`�T? G �7i2` i?2 QT2`�iBQM
(G� e)

x2 xi�1

y2 yj�1

U+V h?2 ;`�T? G r?2`2 �HH M2B;?#Qm`b
Q7 x �M/ y �`2 `2KQp2/, G �
(N [x] [N [y])

6B;m`2 RX � #�b2 ;`�T? G

G2KK� R A7 G = Pi[x hr [y Pj i?2M i?2 K�tBKmK 7Q` i(G) Bb �+?B2p2/ r?2M i?2 T�i? Pi

?�b H2M;i? R UirQ p2`iB+2b {x, x1}V �M/ i?2 T�i? Pj ?�b H2M;i? k � 3 Uj = k � 2 p2`iB+2bVX

S`QQ7 k �TTHvBM; i?2 2/;2 /BpBbBQM `mH2 QM e = {x, y} 2 E(hr)- Bi `2bmHib BM i(G) =

i(G � e) � i(G � (N [x] [ N [y]))X LQiB+2 i?�i (G � e) Bb � bBKTH2 T�i? Q7 H2M;i? r + (i �

1) + (j � 1) = r + k � 2c i?2`27Q`2- i(G� e) = Fr+kX 6m`i?2`KQ`2- i(G� e) Bb BMp�`B�Mi
rBi? `2bT2+i iQ i?2 b2H2+i2/ TQbBiBQM Q7 i?2 2/;2 e 2 E(hr)X

PM i?2 Qi?2` ?�M/- (G� (N [x][N [y])) Bb 7Q`K2/ #v i?`22 /BbDQBMi2/ T�i?b, Pi�2, Pj�2

�M/ i?2 T�i? i?�i `2bmHib 7`QK 2HBKBM�iBM; e �M/ Bib irQ �/D�+2Mi 2/;2b 7`QK hr- 2X;X Pr�4X
h?2M- i(G � (N [x] [ N [y]))) = Fr�2 · Fi · FjX AM 7�+i- i?2 `2bmHi Q7 i?Bb T`Q/m+i /Q2b MQi
/2T2M/ QM i?2 BMBiB�H TQbBiBQM Q7 e BM hr- #2+�mb2 i?2 i?`22 `2bmHiBM; T�i?b rBHH ?�p2 b�K2
H2M;i?b BM/2T2M/2MiHv Q7 i?2 TQbBiBQM Q7 e BM hrX

h?2M- i?2 K�tBKBx�iBQM Q7 i(G) Bb 2[mBp�H2Mi iQ i?2 KBMBKBx�iBQM Q7 Fi ·Fj #2+�mb2 i?�i
i2`K �TT2�`b �b KBMmb BM i?2 2[m�iBQM iQ +QKTmi2 i(G)- �M/ i?2v �`2 i?2 mMB[m2 T�`�K2i2`b
i?�i +�M p�`v mM/2` i?2 `2bi`B+iBQM i+ j = kX �++Q`/BM; iQ T�`i R Q7 S`QTQbBiBQM R- Fi ·Fj

?�b � KBMBKmK p�Hm2 r?2M Fi = F2 �M/ Fj = Fk�2 r?B+? K2�Mb i?�i i?2 `2bmHiBM; T�i?
Pi�2 �7i2` `2KQpBM; N [x] 7`QK G Kmbi #2 2KTiv �M/ i?2 `2bmHiBM; T�i? Pj�2 �7i2` `2KQpBM;
N [y] 7`QK G b?QmH/ ?�p2 k � 4 p2`iB+2bX h?Bb �HbQ K2�Mb i?�i i?2 BMBiB�H T�i? Pi ?�b irQ
p2`iB+2b {x, x1} �M/ i?2 Q`B;BM�H T�i? Pj ?�b k � 2 p2`iB+2b- Ub22 6B;m`2 kVX ⌅

G2KK� k A7 G = Pi [x hr [y Pj i?2M i?2 KBMBKmK 7Q` i(G) Bb �+?B2p2/ r?2M i?2 T�i?
Pi ?�b H2M;i? x2`Q Ui = 1 p2`iB+2bV �M/ i?2 T�i? Pj ?�b H2M;i? k � 2 Uj = k � 1 p2`iB+2bVX
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S`QQ7 j aBKBH�` iQ G2KK� R- mbBM; +�b2 k 7`QK S`QTQbBiBQM RX ⌅

6m`i?2`KQ`2- i?2 K�tBKmK �M/ KBMBKmK p�Hm2b 7Q` i(G) �`2 �+?B2p2/ BM/2T2M/2MiHv
Q7 i?2 MmK#2` Q7 2/;2b BM i?2 TQHv;QM hrX *QMb2[m2MiHv- Qm` `2bmHib �`2 7mH}HH2/ 7Q` �Mv
TQHv;QM DQBM2/ rBi? irQ /BbDQBMi2/ T�i?b BM i?2 2M/@TQBMib Q7 �Mv Q7 Bib 2/;2bX q2 b?Qr
BM 6B;m`2 k- i?2 2ti`2K�H iQTQHQ;B2b 7Q` i(G) 7Q` i?2 +H�bb Q7 ;`�T?b, G = Pi [x hr [y PjX

6`QK i?2 T`2pBQmb irQ T`QQ7b- Bi Bb BM72``2/ i?�i 2ti`2K�H p�Hm2 7Q` G = Pi[xhr[yPj Bb
MQi mMB[m2- bBM+2 /m2 iQ i?2 +QKKmi�iBpBiv Q7 Fi·Fj �M/ i?2 bvKK2i`v Q7 G0 = Pj[xhr[yPi

rBi? G- r2 Q#i�BM i?�i i(G) = i(G0)- �M/ #Qi? bm#;`�T?b ;2i i?2 b�K2 p�Hm2 7Q` i?2
J2``B}2H/ĜaBKKQMb BM/2t- �M/ BM Bib 2ti`2K�H p�Hm2X

x x1

y y1 yk�3

hr

U�V max i(G)

x

y y1 yk�2

hr

U#V min i(G)

6B;m`2 kX 1ti`2K�H �``�vb 7Q` i(G)- 7Q` G = Pi [x hr [y Py

h?2 7QHHQrBM; G2KK�b �M/ i?2 *Q`QHH�`v rBHH #2 mb27mH 7Q` Qm` �M�HvbBbX h?2v b?Qr
i?�i ;Bp2M �M BMBiB�H ;`�T? G = (V,E)- B7 M2r 2/;2b �`2 �//2/ iQ E(G) i?2M i(G) Bb
/2+`2�bBM;- r?BH2 B7 M2r p2`iB+2b �`2 �//2/ iQ V (G) i?2M i(G) Bb BM+`2�bBM;- 2p2M B7 i?2
M2r p2`iB+2b �`2 +QMM2+i2/ iQ �HH Q`B;BM�H v 2 V (G)X

G2KK� j G2i G = (V,E) #2 �M mM/B`2+i2/ ;`�T?- H2i x, y 2 V (G)- �M/ e = {x, y} /2

E(G)- i?2M i(G) > i(G [ e)X

S`QQ7 9 G2i Se = {S 2 i(G) : x, y 2 S} #2 i?2 BM/2T2M/2Mi b2ib BM G +QMi�BMBM; i?2
irQ p2`iB+2b x, y 2 V X |Se| > 0 bBM+2 �i H2�bi i?2 b2i {x, y} 2 Se #2+�mb2 e /2 E(G)X �b-
i(G [ e) = i(G)� |Se| i?2M i(G) > i(G [ e)X

G2KK� 9 G2i G = (V,E) #2 �M mM/B`2+i2/ ;`�T?- �M/ H2i x /2 V X G2i G1 = G[ {{x, v} :

8v 2 V }- i?2M i(G1) = i(G) + 1X

S`QQ7 8 i(G1) = i(G)[ |{{x}}|- bBM+2 i?2`2 �`2 MQ KQ`2 BM/2T2M/2Mi b2i BM+Hm/BM; x �M/
�Mv Qi?2` p2`i2t 7`QK V X h?2M- i(G1) = i(G) + 1X

*Q`QHH�`v R G2i G = (V,E) #2 �M mM/B`2+i2/ ;`�T?- �M/ H2i x, v #2 irQ p2`iB+2b bm+? i?�i
x /2 V - v 2 V X G2i G1 = G [ {x, v}- i?2M i(G1) > i(G)X
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S`QQ7 e �++Q`/BM; iQ T`2pBQmb H2KK�- i(G1) = i(G)+1 B7 i?2`2 �`2 MQ KQ`2 2/;2b #2ir22M
x �M/ �Mv Qi?2` p2`i2t v 2 V X A7 �Mv 2/;2 {v, x} Bb QKBii2/ BM E(G1) i?2M G1 Bb 2p2M
;`2�i2` i?�M i(G) + 1X AM r?�i2p2` +�b2- i(G1) > i(G)X

8 1ti`2K�H iQTQHQ;B2b QM TQHv;QM�H �``�vb

G2i Hr1,r2...,rp #2 � HBM2�` �``�v Q7 p TQHv;QMb- 2�+? QM2 Q7 ri bB/2b 1  i  p- 2X;- Hr1,r2...,rp =

hr1hr2 · · ·hrp
X q2 /2MQi2 ei �b i?2 +QKKQM 2/;2 #2ir22M i?2 TQHv;QM hri

�M/ hri+1 X G2i mb
r`Bi2 H

l1,l2...,lp�2
r1,r2...,rp iQ `2T`2b2Mi Hr1,r2...,rp r?2`2 li /2MQi2b i?2 /Bbi�M+2 #2ir22M i?2 +QKKQM

2/;2b ei �M/ ei+1 Q7 i?`22 +QMb2+miBp2 TQHv;QMbX

G2KK� 8 G2i l #2 i?2 /Bbi�M+2 #2ir22M i?2 +QKKQM 2/;2b e1 �M/ e2 BM H
l

r1,r2,r3
bm+? i?�i

1  l <
⌅
r�1
2

⇧

max{i(H l

r1,r2,r3
)} = i(H2

r1,r2,r3
)

S`QQ7 d "v �TTHvBM; i?2 2/;2 /BpBbBQM `mH2 QM i?2 2/;2 e2 = {x, y} 2 E(hr2)- r2 Q#i�BM,

i(H l

r1,r2,r3
) = i(H l

r1,r2,r3
� e2)� i(H l

r1,r2,r3
� (N [x] [N [y])) UjV

LQiB+2 i?�i (H l

r1,r2,r3
�e2) Bb �M �``�v Q7 irQ TQHv;QMb- H : hr1hr2+r3�2- rBi? i?2 +QKKQM

2/;2, e1X 6m`i?2`KQ`2- i(H l

r1,r2,r3
�e2) Bb BMp�`B�Mi rBi? `2bT2+i iQ l bBM+2 rBi?Qmi `2;�`/BM;

i?2 p�Hm2 Q7 l- Bi +QMbBbib Q7 � HBM2�` �``�v Q7 irQ TQHv;QMb i?�i �`2 BMp�`B�Mib BM Bib H2M;i?b
BM/2T2M/2MiHv Q7 i?2 TQbBiBQM Q7 e2X

(H l

r1,r2,r3
� (N [x][N [y])) Bb i?2 ;`�T? 7Q`K2/ #v irQ +QMM2+i2/ +QKTQM2MibX h?2 }`bi

+QKTQM2Mi Bb � bBKTH2 T�i? Pr3�4 rBi? r3 � 4 p2`iB+2b �M/ i?2`27Q`2 i(Pr3�4) = Fr3�2X h?2
b2+QM/ +QKTQM2Mi /2T2M/b QM i?2 p�Hm2 Q7 lX q?2M l = 1- i?Bb b2+QM/ +QKTQM2Mi- /2MQi2/
#v G1- Bb � T�i? Pr1+r2�6 rBi? r1 + r2 � 6 p2`iB+2b �M/ r1 + r2 � 7 2/;2bX "mi BM i?2 +�b2
l > 1- i?2 b2+QM/ +QMM2+i2/ +QKTQM2Mi Bb G2 = Pl�1 [x hr1 [y Pr2�l�3- i?�i Bb � bm#;`�T?
rBi? r1 + r2 � 6 p2`iB+2b �M/ r1 + r2 � 6 2/;2bX

"Qi? +QMM2+i2/ bm#;`�T?b- G1 �M/ G2 +QK2 7`QK i?2 b�K2 Q`B;BM�H �``�v, hr1hr2X
h?2v ?�p2 i?2 b�K2 MmK#2` Q7 p2`iB+2b- #mi G2 ?�b QM2 2/;2 KQ`2 i?�M G1 #2+�mb2 i?2
M2B;?#Q` Q7 x BM hr1 ?�b � /2;`22 #B;;2` UQM2 KQ`2V r?2M l = 1 i?�M r?2M l > 1X �M/
�++Q`/BM; iQ G2KK� j �M/ +Q`QHH�`v R- i(G2) < i(G1)X

>2M+2- BM Q`/2` iQ K�tBKBx2 i(H l

r1,r2,r3
)- r2 Kmbi b2H2+i i?2 KBMBKmK #2ir22M i(G2)

�M/ i(G1)X �b i(G2) < i(G1) i?2M i?2 KBMBKmK Bb �+?B2p2/ 7Q` l > 1X >Qr2p2`- l > 1 ?�b
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b2p2`�H TQbbB#BHBiB2b 7Q` i?2 bBx2 Q7 i?2 T�i? Pl�1 7Q` G2X "v G2KK� k- i?2 KBMBKmK 7Q`
i(G2) Bb �+?B2p2/ r?2M i?2 T�i? Pl�1 ?�b Dmbi QM2 p2`i2t (Pl�1 = {x}) �M/ i?2M Pr2�l�3

?�b r2 � 4 p2`iB+2bX h?Bb iQTQHQ;v Bb QMHv �+?B2p2/ B7 i?2 Q`B;BM�H /Bbi�M+2 #2ir22M e1 �M/
e2 Bb irQ- �M/ i?2`27Q`2- l = 2X ⌅

LQiB+2 i?�i /Bbi�M+2 l � 2 #2ir22M +QKKQM 2/;2b BM � TQHv;QM�H �``�v +�M QMHv #2
Q#i�BM2/ 7Q` TQHv;QMb rBi? bBx2 ;`2�i2` i?�M 8X AM 7�+i- /Bbi�M+2 irQ #2ir22M �/D�+2Mi
?2t�;QMb ;Bp2b mb �M mMB[m2 iQTQHQ;vX h?Bb Bb #2+�mb2 i?2 +QKKQM 2/;2 Bb TQbBiBQM2/ BM
i?2 b�K2 2/;2 Q7 i?2 H�bi ?2t�;QM BM/2T2M/2MiHv Q7 i?2 /B`2+iBQM Q7 ?Qr Bi r�b +QmMi2/-
+HQ+FrBb2 Q` +QmMi2`+HQ+FrBb2 /B`2+iBQMX

G2KK� e G2i l #2 i?2 /Bbi�M+2 #2ir22M i?2 +QKKQM 2/;2b e1 �M/ e2 BM H
l

r1,r2,r3
bm+? i?�i

1  l <
⌅
r�1
2

⇧
X

min{i(H l

r1,r2,r3
)} = i(H1

r1,r2,r3
)

S`QQ7 3 "v �TTHvBM; i?2 2/;2 /BpBbBQM `mH2 QM i?2 2/;2 e2 = {x, y} 2 E(hr2)- r2 Q#i�BM
i?�i

i(H l

r1,r2,r3
) = i(H l

r1,r2,r3
� e2)� i(H l

r1,r2,r3
� (N [x] [N [y])) U9V

LQiB+2 i?�i (H l

r1,r2,r3
� e2) Bb �M �``�v Q7 irQ TQHv;QMb, hr1hr2+r3�2- rBi? � +QKKQM

2/;2, e1X 6m`i?2`KQ`2- i(H l

r1,r2,r3
� e2) Bb BMp�`B�Mi rBi? `2bT2+i iQ l #2+�mb2 H

l

r1,r2,r3
� e2

+QMbBbib Q7 �M �``�v Q7 irQ TQHv;QMb i?�i K�BMi�BM i?2 b�K2 MmK#2` Q7 bB/2b BM/2T2M/2MiHv
Q7 i?2 p�Hm2 lX

(H l

r1,r2,r3
� (N [x] [ N [y])) Bb � ;`�T? 7Q`K2/ #v irQ +QMM2+i2/ +QKTQM2MibX h?2 }`bi

+QKTQM2Mi Bb � bBKTH2 T�i? Pr3�4 rBi? r3 � 4 p2`iB+2b �M/ i?2`27Q`2 i(Pr3�4) = Fr3�2X h?2
b2+QM/ +QKTQM2Mi /2T2M/b QM i?2 p�Hm2 Q7 lX G2i G1 #2 bm+? +QKTQM2Mi r?2M l = 1X AM
i?Bb +�b2- G1 Bb � T�i? Pr1+r2�6 rBi? r1 + r2 � 6 p2`iB+2b �M/ r1 + r2 � 7 2/;2bX "mi BM
i?2 +�b2 l > 1- i?2 b2+QM/ +QMM2+i2/ +QKTQM2Mi Bb G2 = Pl�1 [x hr1 [y Pr2�l�3- i?�i Bb �
bm#;`�T? rBi? r1 + r2 � 6 p2`iB+2b �M/ r1 + r2 � 6 2/;2bX

"Qi? +QMM2+i2/ bm#;`�T?b- G1 �M/ G2 +QK2 7`QK i?2 b�K2 Q`B;BM�H �``�v, hr1hr2X h?2v
?�p2 b�K2 MmK#2` Q7 p2`iB+2b- #mi G2 ?�b QM2 2/;2 KQ`2 i?�M G1 #2+�mb2 i?2 M2B;?#Q` Q7
x BM hr1 ?�b � /2;`22 #B;;2` UQM2 KQ`2V r?2M l = 1 i?�M r?2M l > 1X �M/ �++Q`/BM; iQ
G2KK� j �M/ +Q`QHH�`v R- i(G2) < i(G1)X

>2M+2- BM Q`/2` iQ KBMBKBx2 i(H l

r1,r2,r3
) r2 M22/ iQ b2H2+i i?2 K�tBKmK #2ir22M i(G1)

�M/ i(G2)X �b i(G1) Bb ;`2�i2` i?�M i(G2)- i?2M i?2 +�b2 l = 1 �+?B2p2b i?2 K�tBKmKX
h?mb- i?2 /Bbi�M+2 R #2ir22M e1 �M/ e2 KBMBKBx2 i(H l

r1,r2,r3
)X ⌅

-516-



aBKBH�` iQ H2KK� 8- /Bbi�M+2 l � 1 #2ir22M +QKKQM 2/;2b BM � TQHv;QM�H �``�v +�M
QMHv #2 Q#i�BM2/ 7Q` TQHv;QMb rBi? bBx2 ;`2�i2` i?�M jX AM 7�+i- /Bbi�M+2 QM2 #2ir22M
�/D�+2Mi [m�/`�M;H2b /2}M2b �M mMB[m2 iQTQHQ;vX h?Bb Bb #2+�mb2 i?2 +QKKQM 2/;2 Bb
TQbBiBQM2/ BM i?2 b�K2 2/;2 Q7 i?2 H�bi [m�/`�M;H2 BM/2T2M/2MiHv Q7 i?2 /B`2+iBQM Q7 ?Qr
Bi r�b +QmMi2/- +HQ+FrBb2 Q` +QmMi2`+HQ+FrBb2 /B`2+iBQMX

G2i Hn : h1h2 · · ·hn #2 �M �``�v Q7 n � 2 TQHv;QMb �M/ H2i hn+1 #2 � M2r TQHv;QM Q7
k bB/2bX q2 /2MQi2 #v ei = {xi, yi}, i = 1, . . . , n� 1 i?2 +QKKQM 2/;2 #2ir22M TQHv;QMb
hi �M/ hi+1X G2i mb 2MmK2`�i2 i?2 2/;2b Q7 hn �b b0, b1, . . . , bk�1- r?2`2 b0 = en�1 Bb
i?2 +QKKQM 2/;2 #2ir22M hn �M/ hn�1 �M/ i?2 b2[m2M+2 7QHHQrb i?2 +HQ+FrBb2 /B`2+iBQMX
q2 Kmbi b2H2+i e 2 E(hn) bm+? i?�i i(Hn [e hn+1) Bb K�tBKmK BMiQ i?2 b2i Q7 TQbbB#H2
b2H2+iBQMb Q7 2/;2b BM hnX 6Q` 2t�KTH2- e +�M MQi #2 �Mv Q7 i?2 2/;2b b0, b1, bk�1 #2+�mb2
B7 r2 DQBM hn+1 iQ Hn BM �Mv Q7 i?Qb2 2/;2b i?2M Hn [ hn+1 HQQb2b i?2 iQTQHQ;v iQ #2 �
TQHv;QM�H �``�vX

U�V .Bbi�M+2 k
U#V .Bbi�M+2 R

6B;m`2 jX �M Q+i�;QM�H �``�v rBi? /Bbi�M+2 k �M/ R- `2bT2+iBp2HvX

i

0

BBBBB@
h1

xn�1

yn�1hn�1

hn

· · ·

|{z}
Hn�1

1

CCCCCA
= i

0

BBBBB@
h1

xn�1

yn�1hn�1

hn

· · ·

|{z}
Hn�1

1

CCCCCA
� i

0

BBBBB@
h1

xn�1

yn�1hn�1· · ·

|{z}
Hn�1

1

CCCCCA

6B;m`2 9X �TTHB+�iBQM Q7 i?2 2/;2 /BpBbBQM `mH2 QM � (n+ 1)@Q+i�;QM�H �``�v- rBi?
/Bbi�M+2 l = 2 #2ir22M +QKKQM 2/;2b

i

0

@
· · ·

|{z}
Hn�1

1

A = i

0

@
· · ·

|{z}
Hn�1

1

A� i

 
· · ·

|{z}
Hn�2

!

6B;m`2 8X �TTHB+�iBQM Q7 i?2 2/;2 /BpBbBQM `mH2 QM � (n+ 1)@Q+i�;QM�H �``�v- rBi?
/Bbi�M+2 l = 1 #2ir22M +QKKQM 2/;2b
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h?2 2ti`2K�H KBMBKmK iQTQHQ;v 7Q` i?2 J2``B}2H/ĜaBKKQMb BM/2t 7Q` ?2t�;QM�H �`@
`�vb ?�b #22M B/2MiB}2/ �b i?2 xB;@x�; �``�v UZnV @ �``�v rBi? /Bbi�M+2 R #2ir22M �/D�+2Mi
?2t�;QMb (e)X q2 T`2b2Mi � ;2M2`�HBx2/ `2bmHi i�FBM; BMiQ +QMbB/2`�iBQM �HH FBM/ Q7 TQHv;@
QM�H �``�vbX h?2 7QHHQrBM; i?2Q`2K b?Qrb bm+? `2bmHiX

h?2Q`2K R h?2 KBMBKmK 7Q` i?2 J2``B}2H/ĜaBKKQMb BM/2t 7Q` �Mv TQHv;QM�H �``�v Hn

Bb �+?B2p2/ r?2M i?2 /Bbi�M+2 #2ir22M +QKKQM 2/;2b 7Q` �Mv T�B` Q7 �/D�+2Mi TQHv;QMb Bb
QM2X

S`QQ7 N "v BM/m+iBQM QM n @ i?2 MmK#2` Q7 TQHv;QMb BM i?2 �``�vX

RX h?2 #�b2 +�b2 7Q` H3 r�b b?QrM T`2pBQmbHv UG2KK� eVX

kX amTTQb2 i?�i i?2 ?vTQi?2bBb ?QH/b 7Q` �Mv TQHv;QM�H �``�v Hi rBi? i  nX

jX G2i Hn #2 � TQHv;QM�H �``�v rBi? n TQHv;QMb- �M/ H2i hn+1 #2 �M �//BiBQM�H TQHv;QM
Q7 k � 4 bB/2b- DQBM2/ iQ Hn BM i?2 TQbBiBQM e = {x, y} 2 E(hn)X "v �TTHvBM; i?2
2/;2 /BpBbBQM `mH2 QM e- r2 Q#i�BM

i(Hn+1) = i(Hn+1 � e)� i(Hn+1 � (N [x] [N [y])) U8V

(Hn+1 � e) Bb �M �``�v Q7 n TQHv;QMb r?2`2 i?2 BM/m+iBp2 ?vTQi?2bBb Bb ?2H/X h?2M-
i(Hn+1 � e) Bb KBMBKmK r?2M i?2 HBbi Q7 +QKKQM 2/;2b e1, . . . , en�1 Bb �``�M;2/ �i
/Bbi�M+2 R #2ir22M �Mv T�B` Q7 +QMb2+miBp2 2/;2b BM i?2 HBbiX �// KQ`2- i?2 i2`K
i(Hn+1 � e) Bb BMp�`B�Mi 7`QK e #2+�mb2 Bib p�Hm2 /Q2b MQi /2T2M/ QM i?2 b2H2+i2/
TQbBiBQM Q7 e iQ DQBM hn+1 iQ HnX

PM i?2 Qi?2` ?�M/- Hn+1 � (N [x] [ N [y]) Bb � ;`�T? 7Q`K2/ #v irQ +QMM2+i2/
+QKTQM2MibX h?2 }`bi +QKTQM2Mi Bb � bBKTH2 T�i? Pk�4 rBi? k � 5 2/;2b �M/ k � 4

p2`iB+2b- r?2`2 i(Pk�4) = Fk�2 Bb �M BMp�`B�Mi p�Hm2 BM/2T2M/2Mi iQ i?2 TQbBiBQM Q7
e 2 E(hn)X h?2 Qi?2` +QMM2+i2/ +QKTQM2Mi /2T2M/b QM i?2 TQbBiBQM Q7 e BM hnX

q?2M i?2 /Bbi�M+2 #2ir22M en �M/ e Bb l = 1- i?2 b2+QM/ +QKTQM2Mi Bb 7Q`K2/ 7`QK
Hn 7Q` `2KQpBM; i?2 p2`iB+2b S = {xn, yn, xn�1, yb}- r?2`2 xn�1 = NHn

(xn)- yb =

NHn
(yn)- xn�1 6= ybX q2 /2MQi2 #v G1 bm+? +QKTQM2Mi- r?2`2 V (G1) = V (Hn)�SX

h?2M- i(Hn+1 � (N [x] [ N [y])) = i(G1)Fk�2X LQiB+2 i?�i |V (G1)| = |V (Hn)| � 4X
6m`i?2`KQ`2- �Hn

(xn) = �Hn
(yn) = �Hn

(yb) = 2- �M/ �Hn
(xn�1) = 3X AM i?Bb +�b2-
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i?2`2 �`2 8 2/;2b BM+B/2Mi iQ S 7`QK E(hn) �M/ irQ 2/;2b 7`QK E(hn�1) BM+B/2Mi iQ
S- i?Bb Bb- |EHn

(S)| = 6X
AM i?2 +�b2 l > 1- i?2 b2+QM/ +QKTQM2Mi Bb 7Q`K2/ 7`QK Hn /m2 iQ i?2 b�K2 b2i Q7
p2`iB+2b S #2BM; `2KQp2/X "mi BM i?Bb +�b2- xa = NHn

(xn)- yb = NHn
(yn)- xa 6= ybX

h?2M- �Hn
(xn) = �Hn

(yn) = �Hn
(yb) = �Hn

(xa) = 2X G2i G2 = (Hn � S)- i?2M
G2 = Pi[xn�1 Hn�1[yn�1 Pj Bb � TQHv;QM�H �``�v r?2`2 i?2 2/;2 en�1 = {xn�1, yn�1}

7`QK i?2 TQHv;QM hn�1 Bb DQBM2/ iQ irQ /BbDQBMi2/ T�i?b Pi �M/ PjX AM i?Bb +�b2-
i(Hn+1� (N [x][N [y])) = i(G2)Fk�2X LQiB+2 i?�i V (G2) = V (Hn)�S- i?2M G2 �M/
G1 ?�p2 i?2 b�K2 b2i Q7 p2`iB+2bX "mi BM i?2 +�b2 l > 1- i?2`2 �`2 QMHv 8 2/;2b 7`QK hn

BM+B/2Mi iQ S BM HnX AM 7�+i- G1 = G2�{xa, xn�1}- �M/ 7Q` G2KK� j- i(G1) > i(G2)X
>2M+2- BM Q`/2` iQ KBMBKBx2 i(Hn+1) r2 Kmbi b2H2+i max{i(G1), i(G2)} bBM+2 i?Qb2
�`2 i?2 mMB[m2 p�Hm2b i?�i +�M p�`v BM 2[m�iBQM 8X �b i(G1) > i(G2)- i?2 K�tBKmK
+Q``2bTQM/b iQ i?2 +�b2 l = 1- i?Bb Bb- /Bbi�M+2 QM2 #2ir22M +QKKQM 2/;2b BM i?2
�``�v KBMBKBx2 i(Hn+1)X ⌅

q?2M r2 +QMbB/2` i?2 +H�bb Q7 ?2t�;QM�H �``�vb i?2Q`2K R bQHp2b i?2 :miK�MǶb
+QMD2+im`2 (3)- b?QrBM; i?�i i?2 xB;@x�; ?2t�;QM�H +?�BM Bb 2z2+iBp2Hv i?2 iQTQHQ;v rBi?
� KBMBKmK p�Hm2 7Q` i(Hn)- �b Bi r�b �H`2�/v MQiB+2/ #v w?�M; (e)X h?2 H�bi i?2Q`2K
;2M2`�HBx2b bm+? `2bmHi- b?QrBM; i?�i BM/2T2M/2MiHv Q7 i?2 FBM/ Q7 TQHv;QMb- +QMbB/2`BM;
TQHv;QMb rBi? KQ`2 i?�M 8 bB/2b- /Bbi�M+2 QM2 #2ir22M �/D�+2Mi TQHv;QMb KBMBKBx2 i?2
J2``B}2H/ĜaBKKQMb BM/2t 7Q` �Mv TQHv;QM�H �``�v- 2p2M 7Q` ?2t�;QM�H �``�vbX

LQiB+2 i?�i i?2 b2H2+iBQM Q7 i?2 p2`i2t v- i?�i ?QH/b i?�i �(v) = 3 �M/ v 2 (N(x) [

N(y))- +QmH/ #2HQM; iQ N(x) Q` iQ N(y)X �7i2`r�`/b- irQ /Bz2`2Mi #mi bvKK2i`B+�H
bm#;`�T?b Hn �M/ H

0
n

+�M #2 7Q`K2/- bm+? i?�i i(Hn) = i(H 0
n
)X

h?2M- /Bbi�M+2 QM2 #2ir22M �/D�+2Mi TQHv;QMb +�M #2 Q#i�BM2/ BM +HQ+FrBb2 Q` BM
+QmMi2`+HQ+FrBb2 /B`2+iBQMX 6QHHQrBM; i?2 b�K2 /B`2+iBQM 7Q` /Bbi�M+2 QM2 #2ir22M �/D�@
+2Mi TQHv;QMb Ui?2 +HQ+FrBb2 Q` i?2 +QmMi2`+HQ+FrBb2V- i?2M irQ /Bz2`2Mi #mi bvKK2i`B+�H
�``�v Q7 TQHv;QMb Hn �M/ H

0
n

�`2 7Q`K2/X h?2v ?QH/ i(Hn) = i(H 0
n
)- �M/ #Qi? iQTQHQ;B2b

�+?B2p2 i?2 KBMBKmK p�Hm2 7Q` i?2 J2``B}2H/ĜaBKKQMb BM/2tX
q2 ?�p2 b?QrM i?�i i?2 KBMBKmK p�Hm2 7Q` i(Hn) Bb �+?B2p2/ BM/2T2M/2MiHv Q7 i?2

MmK#2` Q7 2/;2b BM 2�+? TQHv;QM BM i?2 �``�v- r?BH2 i?2 /Bbi�M+2 QM2 #2ir22M � T�B` Q7
�/D�+2Mi TQHv;QMb Bb +QMbi�Mi 7QHHQrBM;- 7Q` 2t�KTH2- i?2 +HQ+FrBb2 /B`2+iBQMX

aBM+2 i?2 iQTQHQ;v i?�i KBMBKBx2b i(Hn) Bb �+?B2p2/ r?2M i?2`2 Bb QM2 2/;2 Q7 /Bbi�M+2
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#2ir22M � T�B` Q7 �/D�+2Mi TQHv;QMb- �M/ B7 r2 r�Mi iQ 2ti2M/ i?2 �``�v rBi? �M 2ti`�
TQHv;QM �M/ F22T � KBMBKmK p�Hm2 7Q` i(Hn+1)- i?2M i?2`2 Kmbi #2 QM2 2/;2 b2T�`�iBM;
i?2 2/;2b, en�1 �M/ enX h?mb- i?2 /B`2+iBQM ?�b iQ #2 +QMbi�Mi- 7Q` 2t�KTH2- 7QHHQrBM; i?2
+HQ+FrBb2 /B`2+iBQMX

h?2`2 Bb � [m2biBQM 7Q` 7m`i?2` �M�HvbBb i?�i r2 2bi�#HBb? BM i?2 7QHHQrBM; ?vTQi?2bBbX

*QMD2+im`2 R h?2 TQHv;QM�H �``�v rBi? � K�tBKmK J2``B}2H/ĜaBKKQMb BM/2t Bb i?2
QM2 i?�i K�BMi�BMb /Bbi�M+2 irQ #2ir22M +QMb2+miBp2 +QKKQM 2/;2bX

e *QM+HmbBQMb

q2 ?�p2 b?QrM ?Qr i?2 T`QT2`iB2b Q7 i?2 T`Q/m+i #2ir22M irQ 6B#QM�++B MmK#2`b +�M #2
mb2/ 7Q` i?2 +QKTmi�iBQM Q7 i?2 J2``B}2H/ĜaBKKQMb BM/2t QM TQHv;QM�H �``�vbX q2 ?�p2
T`Qp2/ i?�i i?2 xB;@x�; TQHv;QM�H �``�v UTQHv;QM�H �``�vb r?2`2 2�+? T�B` Q7 �/D�+2Mi TQHv@
;QMb Bb DQBM2/ �i /Bbi�M+2 RV ?�b i?2 2ti`2K�H KBMBKmK p�Hm2 7Q` i?2 J2``B}2H/ĜaBKKQMb
BM/2tX �HbQ- i?2`2 2tBbib irQ bvKK2i`B+�H TQHv;QM�H �``�vb Q#i�BMBM; i?2 KBMBKmK p�Hm2
7Q` i?2 J2``B}2H/ĜaBKKQMb BM/2tX

h?Bb `2bmHi rQ`Fb BM/2T2M/2MiHv Q7 i?2 H2M;i? Q7 i?2 TQHv;QMb BM i?2 �``�v- �M/ Bi
;2M2`�HBx2b � r2HH FMQrM `2bmHi Q#i�BM2/ 7Q` ?2t�;QM�H +?�BMbX

Pm` K2i?Q/ /Q2b MQi `2[mB`2 i?2 2tTHB+Bi +QKTmi�iBQM Q7 i?2 MmK#2` Q7 BM/2T2M/2Mi
b2ib Q7 i?2 BMpQHp2/ ;`�T?b- BMbi2�/ Bi Bb #�b2/ QM i?2 �TTHB+�iBQM Q7 i?2 2/;2 /BpBbBQM `mH2
�b � r�v iQ /2+QKTQb2 TQHv;QM�H �``�v ;`�T?bX

�+FMQrH2/;K2Mib, h?2 �mi?Q`b �`2 ;`�i27mH iQ i?2 �MQMvKQmb `272`22b 7Q` i?2B` p�Hm�#H2
+QKK2Mib- +Q``2+iBQMb �M/ bm;;2biBQMb- r?B+? H2/ iQ �M BKT`Qp2/ p2`bBQM Q7 i?Bb �`iB+H2X
h?2 �mi?Q`b �HbQ i?�MF aLA@*QM�+vi JûtB+QX

_272`2M+2b
(R) �X aX S2/2`b2M- SX .X o2bi2`;��`/- h?2 MmK#2` Q7 BM/2T2M/2Mi b2ib BM mMB+v+HB+

;`�T?b- .Bb+`X �TTHX J�i?X R8k Ukyy8V k9eĜk8eX

(k) uX *�Q- 6X w?�M;- 1ti`2K�H TQHv;QM�H +?�BMb QM k@K�i+?BM;b- J�h*> *QKKmMX
J�i?X *QKTmiX *?2KX ey Ukyy3V kRdĜkj8X

(j) >X .2M;- h?2 bK�HH2bi J2``B}2H/ĜaBKKQMb BM/2t Q7 (n, n+1)@;`�T?b- J�i?X *QKTmiX
JQ/2HX 9N UkyyNV jkyĜjkeX
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(9) AX :miK�M- �/p�M+2b BM i?2 h?2Q`v Q7 "2Mx2MQB/ >v/`Q+�`#QMb AA - aT`BM;2`- "2`HBM-
RNNkX

(8) aX q�;M2`- AX :miK�M- J�tBK� �M/ KBMBK� Q7 i?2 >QbQv� BM/2t �M/ i?2 J2``B}2H/Ĝ
aBKKQMb BM/2t- � bm`p2v Q7 `2bmHib �M/ i2+?MB[m2b- �+i� �TTHX J�i?X RRk UkyRyV
jkjĜj9eX

(e) wX GB�Mx?m- h?2 T`QQ7 Q7 :miK�MǶb +QMD2+im`2b +QM+2`MBM; 2ti`2K�H ?2t�;QM�H +?�BMb-
CX avbiX a+BX J�i?X a+BX y9 URNN3V 9eyĜ9e8X

(d) GX wX w?�M;- 6X w?�M;- 1ti`2K�H ?2t�;QM�H +?�BMb +QM+2`MBM; k@K�i+?BM;b �M/
k@BM/2T2M/2Mi b2ib- CX J�i?X *?2KX kd UkyyyV jRNĜjkNX

(3) AX :miK�M- 1ti`2K�H ?2t�;QM�H +?�BMb- CX J�i?X *?2KX kd URNNjV RNdĜkRyX

(N) 6X w?�M;- wX GB- GX q�M;- >2t�;QM�H +?�BMb rBi? K�tBK�H iQi�H 3.1416@2H2+i`QM
2M2`;v- *?2KX S?vbX G2iiX jjd UkyyRV RjRĜRjdX

(Ry) >X .2M;- *�i�+QM/2Mb2/ #2Mx2MQB/b �M/ T?2MvH2M2b rBi? i?2 2ti`2K�H i?B`/ĜQ`/2`
_�M/BÉ BM/2t- J�h*> *QKKmMX J�i?X *QKTmiX *?2KX e9 UkyRyV 9dRĜ9NeX

(RR) qX *X a?Bm- 1ti`2K�H >QbQv� BM/2t �M/ J2``B}2H/ĜaBKKQMb BM/2t Q7 ?2t�;QM�H
bTB/2`b- .Bb+`X �TTHX J�i?X R8e Ukyy3V kNd3ĜkN38X

(Rk) wX w?m- aX GB- GX h�M- h`B+v+HB+ ;`�T?b rBi? K�tBKmK J2``B}2H/ĜaBKKQMb BM/2t-
.Bb+`X �TTHX J�i?X R83 UkyRyV ky9ĜkRkX

(Rj) >X _2M- 6X w?�M;- .Qm#H2 ?2t�;QM�H +?�BMb rBi? K�tBK�H >QbQv� BM/2t �M/ KBMBK�H
J2``B}2H/ĜaBKKQMb BM/2t- CX J�i?X *?2KX 9k UkyydV edNĜeNyX

(R9) AX :miK�M- sX GB- >X w?�Q- PM i?2 J2``B}2H/ĜaBKKQMb BM/2t Q7 i`22b- J�h*>
*QKKmMX J�i?X *QKTmiX *?2KX 89 Ukyy8V j3NĜ9ykX

(R8) hX .QȒHBÉ- JX aX GBix- J�i+?BM;b �M/ BM/2T2M/2Mi b2ib BM TQHvT?2MvH2M2 +?�BMb-
J�h*> *QKKmMX J�i?X *QKTmiX *?2KX ed UkyRkV jRjĜjjyX

(Re) sX GX GB- >X sX w?�Q- PM i?2 6B#QM�++B MmK#2`b Q7 i`22b- 6B#X Zm�`i2`X 99 UkyyeV
jkĜj3X

(Rd) sX wX Gp- �X JX um- h?2 J2``B}2H/ĜaBKKQMb BM/B+2b �M/ >QbQv� BM/B+2b Q7 i`22b
rBi? � ;Bp2M K�tBKmK /2;`22- J�h*> *QKKmMX J�i?X *QKTmiX *?2KX 8e UkyyeV
ey8ĜeReX

(R3) uX GX u2- sX 6X S�M- >X ZX GBm- P`/2`BM; mMB+v+HB+ ;`�T?b rBi? `2bT2+i iQ >QvQb�
BM/B+2b �M/ J2``B}2H/ĜaBKKQMb BM/B+2b- J�h*> *QKKmMX J�i?X *QKTmiX *?2KX
8N Ukyy3V RNRĜkykX
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(RN) �X JX um- 6X hB�M- � FBM/ Q7 ;`�T?b rBi? KBMBK�H >QbQv� BM/B+2b �M/ K�tBK�H
J2``B}2H/ĜaBKKQMb BM/B+2b- J�h*> *QKKmMX J�i?X *QKTmiX *?2KX 88 UkyyeV
RyjĜRR3X

(ky) �X JX um- sX wX Gp- h?2 J2``B}2H/ĜaBKKQMb BM/B+2b �M/ >QbQv� BM/B+2b Q7 i`22b rBi?
k T2M/2Mi p2`iB+2b- CX J�i?X *?2KX 9R UkyydV jjĜ9jX
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