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Abstract

For any polygonal array, independently of the number of sides on each polygon,
the zig-zag polygonal array has the extremal minimum value for the Merrifield
Simmons index. This result generalizes a well known fact obtained for hexagonal
chains.

‘We analyze the product between two Fibonacci numbers with complementary
indices. The results of the analysis will be used in our proposal. Our method
does not require the explicit computation of the number of independent sets on the
involved array graphs, instead it is based on the application of the edge division
rule as a way to decompose polygonal array graphs.

1 Introduction

Polygonal array graphs have been widely investigated, and they represent a relevant area
of interest in mathematical chemistry because they have been used to study intrinsic
properties of molecular graphs [1]. Several works have been developed to analyze extremal
values for the number of independent sets (known in mathematical chemistry area as the

Merrifield-Simmons index) on polygonal arrays [2-7].
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Merrifield and Simmons showed the correlation between the number of independent
sets and the boiling points on polygonal chain graphs that represent chemical molecules.
It is well known that the Merrifield-Simmons index is an important invariant of the
structural chemistry |3, 5].

Gutman [8] analyzed extremal hexagonal chains according to three topological invari-
ants: Hosoya index, largest eigenvalue and Merrified-Simmons index. Gutman showed
that the extremal topology for the maximum Merrifield-Simmons index, in the particular
case of hexagonal chains, is the linear hexagonal chain. He conjectured that the chain
with the smallest Merrifield-Simmons index is unique and it corresponds to the zig-zag
polyphenegraph. The researchers of Gutman [4, 8] greatly inspired the study of extremal
polygonal chains.

Zhang et al. [6,7] solved Gutman’s conjecture. They showed that the minimum of the
Merrifield-Simmons index on hexagonal chains is achieved by the zig-zag polyphenegraph.
Later on, Cao et al. [2] showed extremal polygonal chains for k-matchings (Hosoya in-
dex), considering the topology of polygonal arrays that provide maximum as well as
minimum values. His proofs are based on the use of the Z-polynomial (Z-counting poly-
nomial). While Zhang et al. [9] determined extremal hexagonal chains concerning the
total ¢-electron energy, which are similar to the extremal chains in [7].

Several works deal with the characterization of the extremal graphs with respect to
Hosoya and Merrifield-Simmons indices in several given graph classes, like: trees, unicyclic
graphs, and certain structures involving pentagonal and hexagonal cycles [1-3,5,10-12].
For example, Ren et al. [13] determined the minimal Merrifield-Simmons index of double
hexagonal chains. In [14], Li et al. characterized the tree with the maximal Merrifield
Simmons index among the trees with a given diameter. In [12], a survey about extremal
graphs for Hosoya and Merrifield-Simmons indices involving different graph topologies is
considered.

In this paper, we determine the extremal graph for the minimum Merrifield-Simmons
index regarding any kind of polygonal arrays, generalizing a result previously obtained
for hexagonal and pentagonal chains. Our proofs are based on properties that are derived
from the product between two Fibonacci numbers that have complementary indices. Fur-
thermore, our proofs do not require the explicit computation of the Merrifield-Simmons

index on those polygonal arrays, instead the edge division rule is applied as a way to
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decompose polygonal arrays. We believe that our method can be adapted to compute

other intrinsic properties on molecular graphs.

2 Array of polygons

Let G = (V,E) be an undirected graph with vertices set V' and set of edges E. It is
assumed that G is a simple graph, it has not loops nor parallel edges. The neighborhood
of x € Vis the set N(z) = {y € V : xy € E}, and its closed neighborhood is N(z) U {x}
which is denoted by N[z]. The degree of a vertex x in the graph G, denoted by d¢(x), is
|N(z)|. The degree of the graph G is A(G) = max{dg(z) : z € V'}.

A path between two vertices v and w, denoted as P,,, or simply as P,, is a sequence
of edges: v, V1V, . .., Up_10, such that v = vy, v, = w, and Vyvp1 € E, for 0 < k < n;
the length of the path is n. A simple path is a path where vg, vq,...,0,_1,v, are all
distinct. A cycle is a non-empty path such that the first and last vertices are identical,
and a simple cycle is a cycle in which no vertex is repeated, with the exception that the
first and last vertices are identical.

A subset S C V is called independent if for every u,v € S implies that uwv ¢ E.
The corresponding counting problem on independent sets, denoted by i(G), consists of
counting the number of independent sets of a graph G. Computing i(G) is a §P-complete
problem for graphs G' where A(G) > 3. The computation of i(G) remains §P-complete
even if it is restricted to 3-regular graphs.

Let G = (V, E)) be a molecular graph. Denote by n(G, k) the number of ways in which
k mutually independent vertices can be selected in G. By definition, n(G,0) = 1 for
all graphs, and n(G,1) = [V(G)|. Furthermore, i(G) = >_;.,n(G, k) is the Merrifield-
Simmons index of G, that is, exactly the number of independent sets of G.

A polygon (also called a polygonal graph) is a simple cycle graph. Therefore, a cycle
graph C,, of length n represents a polygon of n sides, and it forms a n-gon. The way
that two k-gons are joined, via a common vertex or via a common edge, defines different
classes of polygonal chemical compounds. Two polygons that have an edge in common
are called adjacent.

A polygonal chain is a 2-connected simple graph G obtained by identifying a finite
number of congruent regular polygons (called basic polygons) one by one such that each

vertex of G has degree 2 or 3 and each basic polygon, except the first one and the last



-508-

one, is adjacent to exactly two basic polygons. A polygonal array is a graph Py, obtained
by identifying a finite number of ¢ congruent polygons each of size k, also known as a
chain of ¢ k-gons.

A special class of polygonal arrays is the class of hexagonal chains, which are chains
formed by n 6-gons. Hexagonal chains are the graph representations of an important
subclass of benzenoid molecules, namely of the so called unbranched catacondensed ben-
zenoids. The structure of these graphs is apparently the simplest among all hexagonal sys-
tems. Therefore, it is not surprising that a great deal of mathematical and mathematico—
chemical results known in the theory of hexagonal systems apply, in fact, only to hexagonal
chains [8].

Let H, = hyhs - - - h,, be a polygonal array with n basic polygons, the polygons do not
have the same number of sides necessarily, and where each h; and h,; 4 have exactly one
common edge e;,7 = 1,2,...,n—1. A polygonal array with at least two polygons has two
end-polygons, hy and h,,, while hs, ..., h,_1 are the internal polygons of the array. In a
polygonal array, each vertex has degree either 2 or 3. The vertices of degree 3 are exactly
the end points of the common edges between adjacent polygons. Let H be the subgraph
from H, induced by the vertices of degree 3. A polygonal array H, is called a chain of
type one if H is a path [2].

The distance dg(z,y) from a vertex z to another vertex y is the minimum number
of edges in an « — y path of G. The distance dg(z, S) from a vertex x to a set S is the
minyeg dg(z;y). Similarly, we define the distance between two edges e;, €2 on the graph
G: dg(er, ez2), as the minimum number of edges in an e; — ey path of G, without consider
the same edges e; and es.

Let H, be a hexagonal chain with n basic 6-gons joined by one common edge between
two adjacent hexagons. If for each pair of consecutive sharing edges e; and e; 1 of H,, it
holds that dp, (€, €;41) = 2 according to the clockwise direction, then H,, is known as the
linear hexagonal chain (L), and if dpy, (e;, ¢;+1) = 1 according to the clockwise direction
on each pair of consecutive common edges, then H, is known as the zig-zag hexagonal
chain (Z,). Notice that in a zig-zag polygonal array the induced subgraph H (formed by
the vertices of degree 3) is a path.

In some articles, the number of independent sets (i(G)) is also called the Fibonacci

number of the graph G. For example, in [14], Li et al., characterized the tree with the
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maximum Fibonacci number among the trees with a given diameter. In [16], Zhao and
Li investigated the orderings of two classes of trees by their Fibonacci numbers. In [1],
Pedersen and Vestergaard studied the Fibonacci number for the unicyclic graphs. In [19],
Yu and Tian studied the Fibonacci numbers of the graphs with given edge-independence
number and cyclomatic number. Yu and Lv [17,20] studied the Fibonacci numbers of
trees with maximum degree and given pendent vertices, respectively. Ye et al., ordered
the unicyclic graphs with given girth according to the Fibonacci numbers in [18]. More
related to our work, in [15] is analyzed the array of polyphenylene compounds represented
by graphs obtained from a hexagonal cactus by expanding each of its cut-vertices to an
edge.

In recent years, several works have been done for determining topology graphs cor-
responding to extremal Hosoya and the Merrifield-Simmons indices [2,5,10]. For many
graph classes that have been studied so far, graphs that minimizes the Hosoya index co-
incide with those that maximizes the Merrifield-Simmons index, and vice versa, although
its relation is still not totally understood. For example, Deng [3] showed that graphs with
n vertices and n + 1 edges, denoted as (n,n + 1)-graphs, its smallest Merrifield-Simmons
index does not coincide with the maximum for the Hosoya index.

Here, we determine the extremal topology for the minimum Merrifield-Simmons index
for any polygonal array, not only for hexagonal chains. In fact, it does not matter the
number of sides of each polygon in the array. For this, we develop in the following chapter

results about the product between Fibonacci numbers.

3 Product between two Fibonacci numbers

It is well known that for any simple path P, of length n — 1, that is P, has n vertices and
n — 1 edges, P, fulfills i(P,) = F, 2, where F}, is the nth-Fibonacci number with initial
values Fy = 0,Fy = 1 and F,, = F,,_; + F,,_5. Let us consider an isolated vertex as a
linear path of length zero, therefore, i(P;) = F3 = 2.

Let k > 0 be a constant integer and let P; and P; be two disjointed simple paths, such
that ¢ +j = k. It is known that (P, & P;) = i(P) - i(Pj) = Fi12 - Fj+o. Let the sequence
Br,s = Fy - Fi—s, defined for all £ = 2,3,... and 1 < s < k. Given a constant k£ > 0, we
want to determine for which pair: (4,7), i,j > 1, and j + i = k, the product i(P,)i(P;)

has extremal values, that is, when it achieves the maximum and the minimum values. We
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establish which are the extremal values for the sequence 8, = F - Fj,_s in the following

proposition.
Proposition 1 For any integers s with 1 < s < k,

1. if k>3 then min, {F,F_,} = FyFy_y = Fj_s,

2. and if k > 2 then maxs {FsFy—s} = FiF—1 = Fy_y

Proof 1 Let B = FyFj_s be the sequence of the Fibonacci product with 2 < k and
1 < s < k. The number of terms in the sequence {Bk,}s is k — 1. The proof is done,
first, by assuming that k is an even number and then, assuming that k is odd. Let
us recall that Fibonacci numbers can be given using Binet’s formula, that is for any k,
Fp = (a* —*)/(a — ) where a = (1 ++/5)/2 and b = (1 — \/5)/2 are the roots of the
polynomial P(r) = r?> —r — 1. This also means that a, b satisfies the two equations:
a+b=1and ab=—1.

Let us assume that k is even, in other words k = 2r for some r > 1. Thus, Bkv\%l*é‘ =
F,_F,.s. However, ﬁk,L%Hs = Borrts = FrysFr_s, therefore, ﬁk,L%Jﬂ = /)’Mgﬁg. On the
other hand, if k = 2r + 1 for some r, it is obvious that L%j =1, then Bori1 4145 =
FoiijFj = Baryrr—j. This means that the sequence is symmetric, thus, it can be
assumed without losing generality that 1 < s < L%j If we now choose the subsequence
Br.2s Bra,..., that is the sequence where s takes only even values, then by using Binet’s

formula and some algebraic manipulations, it could be checked that

Brap+1) = Brap + Fr2e2pt1) (1)

where the facts ab = —1 and a +b = 1 are used in the calculations. Equation 1 only
makes sense for k > 6 or r > 3, since p runs from one onwards. Furthermore, in the
case where p = 1, we have that 354 = FuFy = F5Fy = [352, since Fy = 0 as expected of the
symmetry of the sequence. The other cases, when k < 5, are easily handled since when
k = 2 the sequence PBa has only one term and, therefore, there is no minimum value.
As for k = 4, there are only three terms in the sequence Py.s, that is {frs}s = {2,1,2}
thus ming{frs} = 1 = Fy_o and maxs{frs} = 2. Therefore, for k > 2 the sequence
satisfies Pro < Brz < -0 < 5k,L§J' From the above discussion, and from the fact that

Fy_s2p+1) > 0 in Equation 1 for k > 6, it makes the inequalities strict.



-511-

n F, Bk Bk Bsk Bak Bsk Bek Btk Bsk Box Bk Buk  Bizk  Piak
Max  Min

1 1 0

2 1 1 0

3 2 1 1 0

4 3 2 1 2 0

5 5 3 2 2 3 0

6 8 5 3 4 3 5 0

7 13 8 5 6 6 5 8 0

8 21 13 8 10 9 10 8 13 0

9 34 21 13 16 15 15 16 13 21 0

10 55 34 21 26 24 25 24 26 21 34 0

11 89 55 34 42 39 40 40 39 42 34 55 0

12 144 89 55 68 63 65 64 65 63 68 55 89 0

13 233 144 89 110 102 105 104 104 105 102 110 89 144 0
14 377 233 144 178 165 170 168 169 168 170 165 178 144 233

Table 1. The product of two Fibonacci numbers with complementary indices.
Analogously, taken the subsequence By opi1, that is when s takes odd values, then

(a— b)Qﬁk,2p+3 (a2p+3 _ b2[1+3)(a19772p73 - bk‘,f‘lpf'd)

_ alc _ a’2p+3bk—2p—3 _ ak—2p—3b2p+3 + bk

2 2 opra @ — b?
p 2p+372p+3
(a — b) /Gk,2p+1 +a P b P {12()2

(ak74(p+1) _ bk74(p+1))' (2)

By using ab = —1, a+b = 1 and Binet’s formula again, Equation 2 is equivalent to
Br.op+3 = Bropr1 — Fr—aps1). Once again, Fy_yp41) has only meaning for k > 8, but the
other cases were discussed above. Thus, the sequence satisfies Pr1 > Prg > -+ > ﬂM%J'
Therefore, ming{ FyFy_s} = fro = Fy_o and max,{FFy_s} = Br1 = Fy_1 and the
proposition follows. |

In Table 1, we present some of the values of the sequence S, = F - Fj,—,. Notice that
different relations can be inferred when we consider the values of the table arranged like
the Pascal’s triangle.

Notice that the maximum F - Fy,_; = Fj,_; for the row (k) of the table results to be the
minimum Fy - Fj,_; = Fj,_; for the row (k+1). Also, the difference between the maximum
and minimum in the row k is Fj,_; — Fj,_5 = Fi_3. The fact that the extremal values of
Br,s are in the first two consecutive columns of the Table 1 will have logical consequences
on the topologies that represent the extremal values for the Merrifield-Simmons index on
polygonal arrays.

Observe the symmetrical behavior of the sequence S, at the position s > L%J In

2 2

fact, ﬁk{ﬂﬁ, = ‘Bk’t%“ if k is even, and ﬁk,lEij = ﬂk,[EJHH if k is odd, and for all j
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such that 1 <j < L%J — 2.

Also, the sequence f, is increasing on the even indices of s, and it has a decreasing
behavior on the odd indices of 5. For example, B2, < Br2(p+1) for every p € {1, 2,..., L%J },
and all k. While, B2,41 > Bi2p43 for every p € {0,1,..., |¥] — 1} and all k.

We show in the following chapters, how the properties about the sequence Sy 5, and how
the application of the edge division rule, are useful for the computation of the extremal

values of the Merrifield-Simmons index on polygonal arrays.

4 Extremal topologies for a polygon joined to two
paths

Some reductions rules have been useful to count combinatorial objects on graphs, par-
ticularly, the following rules are commonly used to count independent sets on a graph

G:

1. Vertex reduction rule: Let v € V(G),

2. Edge division rule : let e = {z,y} € E(G),
i(G) = i(G — ¢) — i(G — (N[s] U NTg]))

Let h, be a polygon of r sides. Let P; and P; be two different simple paths of lengths
(¢—1) and (j — 1), respectively, and such that i+ j = k becomes a constant. P; U, h, U, P;
denotes the graph formed by joining P; and P; to the end-vertices of an edge e € E(h,),
as it is illustrated in Figure la. Notice that e can be any edge of the polygon since in
fact, the initial polygon is a cycle and all of its edges are indistinguishable.

We show that ¢(G) is maximum under the restriction |P;| + |P;| = k when i = 2 (P,
has exactly two vertices and only one edge) and j = k — 2 (a path of k — 2 vertices and
k — 3 edges).

Let e = {z,y} € E(h,). Let P, = {z,z1,...,2,.1} and P; = {y,v1,...,y;-1} be
two disjointed paths, where i +j = k. B U, h, Uy P; denotes the resulting graph of
joining P; with h, in the vertex x, and P; with h, in the vertex y, this means that

V(P) NV (k) = {g}, V(Z) V() = {y}, and V(P) N V(P,) = 0.
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Tiq x I Ti—1

Yj-1 Yy U Yj—1
(a) The graph G with the edge e = 2y  (b) The graph G after the operation

to be removed (G—e¢)
T Ti-1
Y2 yj.—l

(c) The graph G where all neighbours
of x and y are removed: G —
(N[z] UN[y])

Figure 1. A base graph G

Lemma 1 IfG = P, U, h, U, P; then the mazimum for i(G) is achieved when the path P;
has length 1 (two vertices {x,x1}) and the path P; has length k — 3 (j = k — 2 vertices).

Proof 2 Applying the edge division rule on e = {z,y} € E(h,), it results in i(G) =
i(G —e) —i(G — (N[z] UNTJy])). Notice that (G — e) is a simple path of length r + (i —
1)+ (j — 1) =r+k — 2; therefore, i(G — e) = F,. Furthermore, i(G — e) is invariant
with respect to the selected position of the edge e € E(h,).

On the other hand, (G — (N[z]U Ny])) is formed by three disjointed paths: P,_y, Pj_»
and the path that results from eliminating e and its two adjacent edges from h,., e.g. Pr_4.
Then, i(G — (N[z]UNy]))) = Fr—o - F; - F;. In fact, the result of this product does not
depend on the initial position of e in h,, because the three resulting paths will have same
lengths independently of the position of e in h,..

Then, the mazimization of i(G) is equivalent to the minimization of F;- F; because that
term appears as minus in the equation to compute i(G), and they are the unique parameters
that can vary under the restriction i + j = k. According to part 1 of Proposition 1, F; - F;
has a minimum value when F; = F» and F; = Fy,_o which means that the resulting path
Pi_5 after removing N[z from G must be empty and the resulting path P;_ after removing
Nly] from G should have k — 4 vertices. This also means that the initial path P; has two
vertices {z,z1} and the original path P; has k — 2 vertices, (see Figure 2). ]

Lemma 2 If G = P, U, h, Uy, P; then the minimum for i(G) is achieved when the path
P; has length zero (i = 1 vertices) and the path P; has length k — 2 (j = k — 1 vertices).
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Proof 3 Similar to Lemma 1, using case 2 from Proposition 1. |

Furthermore, the maximum and minimum values for i(G) are achieved independently
of the number of edges in the polygon h,. Consequently, our results are fulfilled for any
polygon joined with two disjointed paths in the end-points of any of its edges. We show
in Figure 2, the extremal topologies for i(G) for the class of graphs: G = P, U, h, U, P;.

From the previous two proofs, it is inferred that extremal value for G = P,U, h, U, P; is
not unique, since due to the commutativity of F;-F; and the symmetry of G' = P;U,h, U, P;
with G, we obtain that i(G) = i(G’), and both subgraphs get the same value for the

Merrifield-Simmons index, and in its extremal value.

Yk—3 Yy Yk—2

(a) maxi(G) (b) mini(G)

Figure 2. Extremal arrays for i(G), for G = P; U, hy Uy P,

The following Lemmas and the Corollary will be useful for our analysis. They show
that given an initial graph G = (V, E), if new edges are added to E(G) then i(Q) is
decreasing, while if new vertices are added to V(G) then (G) is increasing, even if the

new vertices are connected to all original v € V(G).

Lemma 3 Let G = (V, E) be an undirected graph, let xz,y € V(G), and e = {z,y} ¢
E(G), then i(G) > i(GUe).
Proof 4 Let S. = {S € i(G) : x,y € S} be the independent sets in G containing the

two vertices x,y € V. |S.| > 0 since at least the set {x,y} € S. because e ¢ E(G). As,
i(GUe) =1i(G) — |S.| then i(G) > i(G Ue).

Lemma 4 Let G = (V, E) be an undirected graph, and let x ¢ V. Let Gy = GU {{z, v} :
Yo € V}, then i(Gy) = i(G) + 1.

Proof 5 i(G1) = «(G)U|{{z}}|, since there are no more independent set including x and

any other vertex from V. Then, i(G1) = i(G) + 1.

Corollary 1 Let G = (V, E) be an undirected graph, and let x,v be two vertices such that
z¢V,veV . Let Gy = GU{z, v}, then i(Gy) > i(G).
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Proof 6 According to previous lemma, i(Gy) = i(G)+1 if there are no more edges between
x and any other vertex v € V. If any edge {v,z} is omitted in E(Gy) then Gy is even
greater than i(G) + 1. In whatever case, i(G1) > i(G).

5 Extremal topologies on polygonal arrays

Let H,, ..., be alinear array of p polygons, each one of r; sides 1 <i < p, e.g, Hy, y._.r,
hy by -+ - by, We denote e; as the common edge between the polygon h,, and h,, . Let us
write Hf'llle,”p’ * to represent H,\ r,....r, Where [; denotes the distance between the common

edges e; and e;;1 of three consecutive polygons.

Lemma 5 Let [ be the distance between the common edges ey and ey in H' such that

T1,72,73
1<i< |5
max{i(H;, ,,.,)} = i(H? ., )

Proof 7 By applying the edge division rule on the edge ex = {z,y} € E(h,,), we obtain:
i(H£1,r2,r3) = i(Hf‘l,TQ,TR - 62) - i(H£1,7‘2,7“3 - (N["L} U N[y])) (3)

Notice that (H,l.l_”’mfez) is an array of two polygons, H : hy, hyyiry—o, with the common

edge: ey. Furthermore, i(Hil_n“ —ey) 4s invariant with respect to | since without regarding
the value of I, it consists of a linear array of two polygons that are invariants in its lengths
independently of the position of es.

(H!, 1prs — (N[z]UNTy))) is the graph formed by two connected components. The first
component is a simple path P.,_4 with r3 — 4 vertices and therefore i(Pypy_4) = Fry—o. The
second component depends on the value of . When | = 1, this second component, denoted
by G1, is a path Py, +r,—¢ with r1 + 19 — 6 vertices and ry +ro — 7 edges. But in the case
[ > 1, the second connected component is Gy = Fi_y Uy hyy Uy Pry_y_3, that is a subgraph
with ri + re — 6 vertices and r, + ro — 6 edges.

Both connected subgraphs, G1 and Gy come from the same original array: hy hy,.
They have the same number of vertices, but Gy has one edge more than Gy because the
neighbor of x in h,, has a degree bigger (one more) when | = 1 than when | > 1. And
according to Lemma 3 and corollary 1, i(G5) < i(G1).

Hence, in order to mazimize i(H}, ,, . ), we must select the minimum between i(Gs)

and i(G1). Asi(G2) < i(Gh) then the minimum is achieved for 1 > 1. However, | > 1 has
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several possibilities for the size of the path P_y for Gy. By Lemma 2, the minimum for
i(G>) is achieved when the path Pi_y has just one vertex (P_1 = {x}) and then P,,_;_3
has ro — 4 vertices. This topology is only achieved if the original distance between ey and
ey is two, and therefore, | = 2. ]
Notice that distance [ > 2 between common edges in a polygonal array can only be
obtained for polygons with size greater than 5. In fact, distance two between adjacent
hexagons gives us an unique topology. This is because the common edge is positioned in
the same edge of the last hexagon independently of the direction of how it was counted,
clockwise or counterclockwise direction.
Lemma 6 Let [ be the distance between the common edges e; and ey in Hﬁmwz such that
1<i< |5,
min{i(H., ,, .0} =i(H} ,,..)

Proof 8 By applying the edge division rule on the edge es = {z,y} € E(h,,), we obtain

that
gl gl gl . .
Z(Hnmz,rs) = Z(Hrm‘z,r.x - 62) - /"(Hn,rz,":s - (N[I} U N[U])) (4)
Notice that (H,l_ww3 — e9) s an array of two polygons: Ry hy,ir,—o, with a common
edge: ei. Furthermore, i(Hi] s — €2) 18 invariant with respect to 1 because Hi] oy T €2

consists of an array of two polygons that maintain the same number of sides independently
of the value [.

(HL, yrs — (N[z] UN[y])) is a graph formed by two connected components. The first
component is a simple path P,,_, with r3 — 4 vertices and therefore i(Pr,_a) = Fry_o. The
second component depends on the value of l. Let Gy be such component when | = 1. In
this case, Gy is a path Py i,,_¢ with r1 + ry — 6 vertices and ry + ry — 7 edges. But in
the case | > 1, the second connected component is Gy = Pi_y Uy hyy Uy P,,_i_3, that is a
subgraph with r1 4+ ro — 6 vertices and 11 + 19 — 6 edges.

Both connected subgraphs, Gi and Gy come from the same original array: hy hy,. They
have same number of vertices, but Gy has one edge more than Gy because the neighbor of
x in h,, has a degree bigger (one more) when | = 1 than when | > 1. And according to
Lemma 8 and corollary 1, i(G2) < i(Gy).

Hence, in order to minimize z'(Hfﬂ”wB) we need to select the mazimum between i(G)
and i(Gs). As i(Gy) is greater than i(Gs), then the case | = 1 achieves the maximum.

Thus, the distance 1 between ey and ey minimize i(H,, ,, ). |
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Similar to lemma 5, distance [ > 1 between common edges in a polygonal array can
only be obtained for polygons with size greater than 3. In fact, distance one between
adjacent quadrangles defines an unique topology. This is because the common edge is
positioned in the same edge of the last quadrangle independently of the direction of how
it was counted, clockwise or counterclockwise direction.

Let H,, : hihy -+ h, be an array of n > 2 polygons and let h,; be a new polygon of
k sides. We denote by e¢; = {z;,y:},i = 1,...,n — 1 the common edge between polygons
h; and h;y1. Let us enumerate the edges of h, as by, b1,...,bx_1, where by = €, is
the common edge between h,, and h,_; and the sequence follows the clockwise direction.
We must select e € E(h,) such that i(H, U, hyy1) is maximum into the set of possible
selections of edges in h,. For example, e can not be any of the edges by, by, b1 because
if we join h,41 to H, in any of those edges then H,, U h,; looses the topology to be a

polygonal array.

o0 T T T

(a) Distance 2 (b) Distance 1

Figure 3. An octagonal array with distance 2 and 1, respectively.

Figure 4. Application of the edge division rule on a (n + 1)-octagonal array, with
distance [ = 2 between common edges

TTART ). ToAT ) (W)

Figure 5. Application of the edge division rule on a (n + 1)-octagonal array, with
distance [ = 1 between common edges
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The extremal minimum topology for the Merrifield-Simmons index for hexagonal ar-
rays has been identified as the zig-zag array (Z,) - array with distance 1 between adjacent
hexagons [6]. We present a generalized result taking into consideration all kind of polyg-

onal arrays. The following theorem shows such result.

Theorem 1 The minimum for the Merrifield—Simmons index for any polygonal array H,
is achieved when the distance between common edges for any pair of adjacent polygons is

one.

Proof 9 By induction on n - the number of polygons in the array.

1. The base case for Hy was shown previously (Lemma 6).
2. Suppose that the hypothesis holds for any polygonal array H; with i < n.

3. Let H,, be a polygonal array with n polygons, and let h,y1 be an additional polygon
of k > 4 sides, joined to H, in the position e = {x,y} € E(h,). By applying the

edge division rule on e, we obtain
i(Hni1) = i(Hnpy — €) = i(Hpy1 — (N[z] U N[y])) (5)

(Hp+1 — €) is an array of n polygons where the inductive hypothesis is held. Then,
i(Hpy1 — €) is minimum when the list of common edges e1, ..., e,_1 is arranged at
distance 1 between any pair of consecutive edges in the list. Add more, the term
i(Hny1 — €) is invariant from e because its value does not depend on the selected

position of e to join h,yq to H,.

On the other hand, H,i1 — (N[z] U Ny]) is a graph formed by two connected
components. The first component is a simple path Py_4 with k — 5 edges and k — 4
vertices, where i(Py_4) = Fy_o is an invariant value independent to the position of

e € E(hy). The other connected component depends on the position of e in h,,.

When the distance between e, and e is | =1, the second component is formed from
H,, for removing the vertices S = {Zn,Yn, Tn_1,Yp}, where x,_1 = Ny, (z,), yp =
Nu, (Yn), Tn-1 # yp. We denote by Gy such component, where V(Gy) = V(H,)—S.
Then, i(Hni1 — (N[2] U N[y])) = i(G1)Fr—s. Notice that |V (G1)| = |V(H,)| — 4.
Furthermore, dg, (xn) = 0m, (Yn) = Om, () = 2, and dm, (xn—1) = 3. In this case,
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there are 5 edges incident to S from E(hy,) and two edges from E(h,_1) incident to
S, this is, |En,(S)| = 6.

In the case | > 1, the second component is formed from H, due to the same set of
vertices S being removed. But in this case, to = Np, (zn), Yo = Nu, (Un), Ta 7 Yb-
Then, ép, (zn) = 0m,(Yn) = Ou, (W) = Ou,(za) = 2. Let Gy = (H, — S), then
Gy =P U,, , H,_1U,, | P;j is a polygonal array where the edge e,—1 = {Tn_1,Yn-1}
from the polygon hy,_1 is joined to two disjointed paths P; and P;. In this case,
i(Hn1— (N[2]UNJy])) = i(G2) Fy—a. Notice that V(Gs) = V(H,)— S, then G5 and
G4 have the same set of vertices. But in the casel > 1, there are only 5 edges from h,
incident to S in H,. In fact, Gy = Ga—{xq, n_1}, and for Lemma 3, i(G1) > i(G2).
Hence, in order to minimize i(Hy41) we must select max{i(G1),1(G2)} since those
are the unique values that can vary in equation 5. As i(Gy1) > i(G2), the mazimum
corresponds to the case | = 1, this is, distance one between common edges in the
array minimize i(Hy11). ]

When we consider the class of hexagonal arrays theorem 1 solves the Gutman’s
conjecture [8], showing that the zig-zag hexagonal chain is effectively the topology with
a minimum value for i(H,), as it was already noticed by Zhang [6]. The last theorem
generalizes such result, showing that independently of the kind of polygons, considering
polygons with more than 5 sides, distance one between adjacent polygons minimize the
Merrifield-Simmons index for any polygonal array, even for hexagonal arrays.

Notice that the selection of the vertex v, that holds that §(v) = 3 and v € (N(z) U
N(y)), could belong to N(z) or to N(y). Afterwards, two different but symmetrical
subgraphs H,, and H] can be formed, such that i(H,) = i(H}).

Then, distance one between adjacent polygons can be obtained in clockwise or in
counterclockwise direction. Following the same direction for distance one between adja-
cent polygons (the clockwise or the counterclockwise), then two different but symmetrical
array of polygons H, and H), are formed. They hold i(H,) = i(H,), and both topologies
achieve the minimum value for the Merrifield-Simmons index.

We have shown that the minimum value for i(H,) is achieved independently of the
number of edges in each polygon in the array, while the distance one between a pair of
adjacent polygons is constant following, for example, the clockwise direction.

Since the topology that minimizes i(H,,) is achieved when there is one edge of distance



-520-

between a pair of adjacent polygons, and if we want to extend the array with an extra
polygon and keep a minimum value for i(H, 1), then there must be one edge separating
the edges: e,_; and e,. Thus, the direction has to be constant, for example, following the
clockwise direction.

There is a question for further analysis that we establish in the following hypothesis.
Conjecture 1 The polygonal array with a mazimum Merrifield-Simmons index is the

one that maintains distance two between consecutive common edges.

6 Conclusions

We have shown how the properties of the product between two Fibonacci numbers can be
used for the computation of the Merrifield-Simmons index on polygonal arrays. We have
proved that the zig-zag polygonal array (polygonal arrays where each pair of adjacent poly-
gons is joined at distance 1) has the extremal minimum value for the Merrifield-Simmons
index. Also, there exists two symmetrical polygonal arrays obtaining the minimum value
for the Merrifield-Simmons index.

This result works independently of the length of the polygons in the array, and it
generalizes a well known result obtained for hexagonal chains.

Our method does not require the explicit computation of the number of independent
sets of the involved graphs, instead it is based on the application of the edge division rule
as a way to decompose polygonal array graphs.
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